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A class of distorted Gaussian copulas: theories and applications
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ABSTRACT 
This study introduces a novel copula class, referred to as the distorted GAB copula (here
after, dGAB copula), as an alternative to the Gaussian copula, which has shown limitations in 
capturing tail dependence. Much like the Gaussian copula, the dGAB copula can be uniquely 
determined by its bivariate marginal copulas and offers effective tail dependence modeling 
capabilities. To demonstrate its practical applicability, we showcase its use in the valuation 
of basket default swaps. Furthermore, we propose a parameter estimation approach based 
on the EM algorithm tailored to the dGAB copula.
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1. Introduction

Over the past decade, the hedge fund industry has 
witnessed the emergence of a distinctive perform
ance contract. Hedge fund managers commonly 
receive a share of annual returns exceeding the 
high-water mark, which represents the maximum 
share value since each investor’s initial investment. 
These performance fees typically range from 15% to 
25% of new profits annually, in addition to a regular 
annual fee of one to two percent of portfolio assets. 
For instance, George Soros’ Quantum Fund charges 
a one percent annual fee based on net asset value, 
coupled with a 20% high-water mark performance 
fee on annual net new profits. Consequently, the 
Quantum Fund achieved a 49% (pre-fee) return in 
1995 on net assets amounting to 3.7 billion, leading 
to an estimated total compensation of 393 million 
for the year. This substantial sum was primarily 
attributed to the incentive terms in place. However, 
in years where the high-water mark is not reached, 
manager returns see a significant reduction. In 1996, 
the Quantum Fund incurred a loss of 1.5%, earning 
only their regular annual fee of 54 million (1% of 
the 5.4 billion in assets).

Copulas are a useful statistical tool that enables 
the characterization of dependence structures among 
multiple random variables. They possess uniform 
0, 1½ � marginal distributions, making them a crucial 

tool in high-dimensional statistical analysis (Joe, 
1997; Nelsen, 2006). Within the field of quantitative 
risk management, copulas have gained widespread 
use due to their ability to model and mitigate tail 
risk, as well as their application in portfolio opti
mization (Denuit et al., 2006; McNeil et al., 2015).

1.1. Motivation and literature review

The Gaussian copula, which is derived from the 
multivariate normal distribution, is a widely utilized 
copula model in both theory and practice. However, 
as observed by Donnelly and Embrechts (2010), the 
Gaussian copula’s inadequacy in describing tail 
dependence has been a subject of criticism. Tail 
dependence, which quantifies the co-movements of 
a pair of random variables in the tails of their distri
butions, is a crucial metric in risk management. It 
measures the extent to which devastating losses in 
portfolios or defaults of financial enterprises can 
occur simultaneously (Grundke & Polle, 2012; 
Puccetti & Rueschendorf, 2014). Hence, accurately 
measuring the tail dependence in copula-described 
bivariate random variables is of critical importance. 
The most popular measures of tail dependence, 
including upper and lower tail dependences, were 
introduced by Joe (1997) and a non-zero value of 
these measures signifies the presence of tail depend
ence. The Gaussian copula, however, is well-known 
to have both upper and lower tail dependence meas
ures equal to zero, thereby indicating its incapacity 
to describe tail dependence; see also Hull and White 
(2004) for more information about the tail 
dependences.

The modification of tail dependence in a copula 
can be accomplished through the use of the “convex 
sum” approach. This approach involves the creation 
of a new copula, Cconvexsum ¼ aCR þ 1 − að ÞC, by 
combining a Gaussian copula CR with another cop
ula C via the weight a 2 0, 1ð Þ: Such a new copula 
possesses the ability to capture tail dependence. The 
choice of C is critical, as it dictates the tail 
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dependence behavior of the new copula Cconvexsum 

through its definition as a tail dependence measure. 
Archimedean copulas are commonly used due to 
their ability to model the tail dependence, but they 
have limited parameters and thus lack flexibility in 
high dimensional modeling. To address this issue, 
the convex sum approach becomes a search for an 
appropriate multivariate copula C with tail depend
ence properties.

In this article, we use the CA,B copula proposed 
by Yang et al. (2009) as the copula C. This copula 
can be seen as a limiting case of the Gaussian cop
ula, with the ability to be determined by its bivariate 
marginal copulas and exhibiting tail dependence. 
Mathematically, the CA,B copula can be regarded as 
a limiting case of the Gaussian copula by noting 
that in the bivariate case, limq!1− Cq u, vð Þ ¼

M u, vð Þ, limq!0 Cq u, vð Þ ¼ P u, vð Þ, and limq!−1þ

Cq u, vð Þ ¼W u, vð Þ for all u, vð Þ 2 0, 1½ �
2, where 

Cq u, vð Þ is a bivariate Gaussian copula with correl
ation coefficient q, M u, vð Þ ¼ min u, vð Þ is the como
notonic copula, P u, vð Þ ¼ uv is the independent 
copula, and W u, vð Þ ¼ max uþ v − 1, 0ð Þ is the 
countermonotonic copula. The most prominent fea
ture of the CA,B copula resides in its similarity to 
the Gaussian copula, as it can be uniquely deter
mined through its bivariate marginal copulas. This 
attribute engenders significant convenience, particu
larly in the context of high-dimensional modeling. 
On the other hand, a paramount distinction of the 
CA,B copula lies in its capacity for tail dependence 
analysis. In contrast to alternative multivariate copu
las exhibiting tail dependence, such as the student-t 
copula and Archimedean copula, the CA,B copula 
exhibits heightened flexibility and manageability due 
to its simplicity and intuitiveness (see Section 2.1
for more details). Consequently, the CA,B copula 
surpasses other tail-dependent copulas, including 
the student-t and Archimedean copulas, in terms of 
its enhanced adaptability and computational 
feasibility.

The convex sum approach, although useful, is 
relatively simple. A more sophisticated approach, 
the “distorted mix method” (DMM) proposed by Li 
et al. (2014), improves upon the convex sum 
approach by incorporating distortion functions and 
allowing for separate modelings of the center and 
tail parts of a copula. Specifically, for any given 
component copulas C1, C2, :::, Cm, the DMM implies 
a new family of copulas taking the form 
Pm

i¼1 aiCi Di1 u1ð Þ, Di2 u2ð Þ, :::, Did udð Þ
� �

where Dij is 
the distortion function satisfying 

Pm
i¼1 aiDij uð Þ ¼ u 

for i ¼ 1, 2, :::, m and j ¼ 1, 2, :::, d:
By virtue of the convex sum method, the copula 

constructed by DMM can be arbitrarily “close” to 
any one of the component copulas, as long as its 

weight is close to one. On the other hand, the distri
bution function plays a critical role in DMM for the 
modification of the tail dependence. As demon
strated by Li et al. (2014), the copula constructed by 
DMM can model dependence structure by handling 
the central and tail parts separately. More impor
tantly, the tail dependence of a given copula can be 
modified to any desired pattern. In addition to the 
tail dependence modeling, the distortion function 
also plays a key role in the unique determination of 
dGAB copula by its marginals (see Theorem 3.2). 
Obviously, the copula constructed by DMM will 
degenerate to the convex sum approach when trivial 
distortion functions are used. In this article, we 
demonstrate the flexibility of DMM by constructing 
a new family of copulas based on the Gaussian cop
ula and CA,B copula.

1.2. Main contribution

This article introduces a new family of copulas 
called the” dGAB copula” by utilizing the DMM 
approach, which is based on two component copu
las: the Gaussian copula and the CA,B copula. We 
systematically analyze the properties of the dGAB 
copula and specifically highlight its advantages. (1)
Uniqueness: The most prominent feature presented 
in this article is that the dGAB copula can be 
uniquely determined by its bivariate marginal copu
las. This provides a more convenient solution for 
high-dimensional statistical modeling compared to 
Li et al. (2014). (2) Flexibility: The dGAB copula 
inherits advantageous attributes from the DMM 
framework. Notably, it has the capacity to approach 
arbitrary levels of proximity to the Gaussian copula. 
This attribute assures that the dGAB copula exhibits 
statistical properties similar to those of the Gaussian 
copula. (3) Explicit Probability Structure: The dGAB 
copula exhibits an explicit probability structure, 
making it more tractable in the context of Monte 
Carlo simulations and enhancing its utility in 
multidimensional modeling. (4) Enhanced Tail 
Dependence: The dGAB copula demonstrates 
enhanced tail dependence performance across mul
tiple dimensions, improving both lower and upper 
tail dependence as well as upper-left and lower-right 
tail dependence. (5) Application: We apply the 
dGAB copula to the basket default pricing problem, 
enabling a more refined correlation structure among 
default times and obtaining closed-form solutions. 
Additionally, the dGAB copula has versatile applica
tions in operations research, including the news
vendor model (Alwan et al., 2016; Chen et al., 
2009).

In the practical investigation, we propose the 
dGAB-EM algorithm for the parameter estimation. 
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The findings indicate that the dGAB copula can 
serve as an appropriate alternative when a single 
Gaussian copula fails to model the tail dependence 
of multiple random variables.

This article is organized as follows: In Section 2, 
two families of copulas are introduced, derived from 
the Gaussian copula and the CA,B copula. The main 
results of this study are developed in Section 3. The 
examination of tail dependence and the probability 
structure are discussed in Section 4. Applications to 
the BDS (basket default swap) and empirical studies 
are presented in Section 5. Finally, the research is 
concluded in Section 6. The accompanying online 
appendices provide the mathematical proofs for all 
relevant results.

2. The model

2.1. Preliminaries about the CA,B copula

In the introduction section, the concept of CA,B

copula as a component copula is introduced. The 
CA,B copula is defined as the joint distribution of 
uniform 0, 1½ � random variables U1, U2, :::, Un if the 
following two assumptions are satisfied:

Assumption A. There exists a uniform 0, 1½ � random 
variable U such that random variables 
U1, U2, :::, Un are conditionally independent given 
the common factor U.

Assumption B. For each i ¼ 1, 2, :::, n, the joint dis
tribution of Ui and U is bivariate Fr�echet, with 
the copula expressed as Ci u, vð Þ ¼ ai1M u, vð Þ þ

ai2P u, vð Þ þ ai3W u, vð Þ, where aij � 0 and ai1 þ

ai2 þ ai3 ¼ 1 for j ¼ 1, 2, 3.

With the above specifical settings, Yang et al. 
(2009) demonstrates that the joint distribution of 
U1, U2, :::, Un takes the following form:

CA,B u1, u2, :::, unð Þ ¼

X3

j1¼1
� � �
X3

jn¼1

Yn

i¼1
aiji

 !

W min
i�n, ji¼1

fuig, min
i�n, ji¼3

fuig
� � Y

i�n, ji¼2
ui,

(1) 

which is called the CA,B copula. Notably, one of the 
most remarkable features of the CA,B copula is that 
it can be uniquely determined by its bivariate mar
ginal copulas.

By Equation (1), the bivariate marginal copulas 
are all Fr�echet copulas, which can be expressed as

CF
dþij , d−

ij
u, vð Þ ¼ dþij M u, vð Þ þ d?ij P u, vð Þ þ d−

ij W u, vð Þ,

(2) 

where dþij ¼ ai1aj1 þ ai3aj3, d−
ij ¼ ai1aj3 þ ai3aj1, and 

d?ij ¼ 1 − dþij − d−
ij , for i 6¼ j 2 f1, 2, :::, ng:

Notably, the comonotonic and counter-monotonic 
copulas in Fr�echet copula (2) are typically referred to 
as the Fr�echet-Hoeffding bounds, which are the point
wise upper and lower bounds for any bivariate copulas, 
i.e. W u, vð Þ � C u, vð Þ � M u, vð Þ holds for any bivari
ate copula C. Additionally, it is noteworthy that the 
three constituent copulas within the Fr�echet copula 
correspond to three different extreme dependence 
structures: perfect positive dependence, independence, 
and perfect negative dependence. Furthermore, it is 
possible to approximate any general copula through a 
convex combination of these component copulas, as 
demonstrated by Yang et al. (2006).

It should be emphasized that Assumption B is 
relatively simple for practical modeling, as it is 
merely a mixture of three copulas of extreme corre
lations, and two of them are even singular ones. In 
the pursuit of enhancing both tractability and adapt
ability, we will undertake a refinement of the ori
ginal Assumptions A and B in this article (see 
Theorem 4.3), thereby yielding a version that better 
aligns with practical modeling considerations.

2.2. The GAB copula

As noted in the introduction, we introduce a new 
family of copulas by the convex sum approach. This 
approach involves the combination of two compo
nent copulas, C1 and C2, with a weight parameter 
a 2 0, 1ð Þ: In this study, the Gaussian copula is 
selected as C1, and CA,B copula is selected as C2. 
Therefore, a new family of copula, denoted by 
CA,B

a, R , is obtained.

Definition 1 (GAB copula). For any constant 
a 2 0, 1ð Þ,

GAB uð Þ ¼ aCR uð Þ þ 1 − að ÞCA,B uð Þ, u 2 0, 1½ �
n
:

(3) 

is called the GAB copula.
Incorporating the distortion functions, we extend 

the GAB copula to the distorted GAB copula in the 
next section.

2.3. The dGAB copula

The DMM framework proposes a novel class of cop
ulas by incorporating distortion functions. For tech
nical reasons, the definition of the distortion 
function is restricted to a specific class of strictly 
increasing and differentiable functions. Formally, we 
have the following definition.
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Definition 2 (Distortion function). A function D is 
called a distortion function if it is differentiable and 
strictly increasing from 0, 1½ � ! 0, 1½ � with D 0ð Þ ¼ 0 
and D 1ð Þ ¼ 1. Moreover, a distortion function D is 
called trivial if D(u) ¼ u for all u 2 0, 1½ �:

The second column in Table 1 provides more 
examples of commonly used distortion functions. 

To define the dGAB copula, the distortion func-
tions must satisfy “Assumption A” in Li et al. 
(2014). For the sake of clarity and brevity, we shall 
henceforth denote this assumption as the 
“feasibility” criterion, which is given in the following 
definition. 

Definition 3 (Feasible pair). Two distortion func-
tions (D, E) is called a feasible pair if there exists a 
constant a 2 0, 1ð Þ such that aD uð Þ þ 1 − að ÞE uð Þ ¼
u holds for all u 2 0, 1½ �:

The feasibility of distortion functions is necessary 
to ensure that the dGAB copula is well-defined. For 
the distortion functions in Table 1, the third column 
presents their feasible pairs. 

For a feasible pair of distortion functions (D, E), 
it is important to emphasize that aD0 uð Þ þ
1 − að ÞE0 uð Þ ¼ 1 holds true for all u 2 0, 1½ �:

Consequently, we can deduce that D0 uð Þ falls within 
the range 0, 1=að �, and E0 uð Þ is bounded within 
0, 1= 1 − að Þ
� �

for all u 2 0, 1½ �: In other words, it is 
necessary that a satisfies a 2 0, 1=D0 uð Þ

� �
and a 2

1 − 1=E0 uð Þ, 1
� �

for all u 2 0, 1½ �: These conditions 
can be viewed as hidden constraints for the distor-
tion function pair (see the last column in Table 1). 

By incorporating feasible pairs of distortion func-
tions, the DMM defines a new family of copulas 
based on the Gaussian copula and CA,B copula, 
referred to as the “dGAB” copulas in this article. 

Definition 4 (dGAB copula). Let (Di, Ei) be a feas-
ible pair of distribution functions for i ¼ 1, 2, :::, n, 
then for any constant a 2 0, 1ð Þ,

dGAB uð Þ ¼ aCR D uð Þð Þ þ 1 − að ÞCA,B E uð Þð Þ, u

2 0, 1½ �
n,

(4) 

is called the dGAB copula, where D ¼
D1, D2, :::, Dnð Þ and E ¼ E1, E2, :::, Enð Þ:

It is straightforward to see that the bivariate 
marginal of the dGAB copula takes the following 
form:

dGF u, vð Þ ¼ aCqij Di uð Þ, Dj vð Þ
� �

þ 1 − að ÞCF
dþij , d−

ij
Ei uð Þ, Ej vð Þ
� �

, (5) 

where dþij ¼ ai1aj1 þ ai3aj3, d−
ij ¼ ai1aj3 þ ai3aj1, and 

d?ij ¼ 1 − dþij − d−
ij : The copula dGF in Equation (5)

will be called the ‘distorted Gaussian-Fr�echet copula’ 
in the subsequent developments.

Obviously, when the two families of distortion 
functions are trivial, the dGAB copula degenerates 
to the GAB copula. Accordingly, the bivariate 
marginal copulas of GAB copula degenerate 
to the “GF copula” as GF u, vð Þ ¼ aCqij u, vð Þ þ

1 − að Þ CF
dþij , d−

ij
u, vð Þ:

3. Unique determination by bivariate 
marginals

In this section, we will prove that dGAB (GAB) 
copulas can be uniquely determined by their bivari-
ate marginal copulas, which is one of the most 
prominent properties of the dGAB copula.

3.1. dGAB copula: Unique determination by 
bivariate marginal copulas

In the examination of the property of unique deter-
mination through bivariate marginal copulas, we 
differentiate between two cases: R ¼ In and R 6¼ In, 
where In is the identity matrix. This distinction is 
crucial as it accounts for the potential ambiguity in 
the weight of the independent copula resulting from 
varying linear coefficient matrices.

3.1.1. Unique determination when R 6¼ In

The following theorem shows that the dGAB with 
R 6¼ In copula can be uniquely determined by its 
bivariate marginal copulas.

Theorem 3.1 (dGAB copula with R 6¼ In). For any 
given correlation matrix R 6¼ In, the corresponding 
dGAB copula, denoted as dGAB uð Þ ¼ aCR D uð Þð Þþ

1 − að ÞCA,B E uð Þð Þ, can be uniquely determined by 
its bivariate marginal copulas.  

It was previously noted that the GAB copula is a 
specific instance of the dGAB copula, in which all 

Table 1. The second column presents three examples of distortion functions and the third column presents the correspond
ing feasible pairs. Note that 0 < a < 1 is the weight of the Gaussian copula in the dGAB or GAB copulas.
Distortion function DiðuÞ EiðuÞ Condition

Power D1ðuÞ ¼ ub, b > 0 E1ðuÞ ¼ u−aub

1−a
ab � 1

Li et al. (2014) D2ðuÞ ¼ au2

1−aþð2a−1Þu E2ðuÞ ¼
u−ð1−aÞu2

1−aþð2a−1Þu 0 < a < 1

Exponential D3ðuÞ ¼ ebu−1
eb−1 , b > 0 E3ðuÞ ¼

ðeb−1Þu−aðebu−1Þ
ð1−aÞðeb−1Þ a � 1−e−b

b
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distortion functions are trivial. Consequently, the 
theorem above is also applicable to the GAB copula. 
Therefore, we have the following result. 

Corollary 3.1 (GAB copula with R 6¼ In). For any 
given correlation matrix R 6¼ In, the corresponding 
GAB copula, denoted as GAB uð Þ ¼ aCR uð Þþ
1 − að ÞCA,B uð Þ, can be uniquely determined by its 

bivariate marginal copulas. 
The dGAB copula, defined as a mixture of 

Gaussian and CA,B copulas with distortion func-
tions, has a straightforward structure. Despite its 
simplicity, our results demonstrate that the dGAB 
copula possesses inherited advantageous properties 
from both Gaussian and CA,B copulas. Furthermore, 
as noted in Li et al. (2014), the dGAB copula can 
approach the Gaussian copula arbitrarily closely 
when the weight a approaches to 1. This is quanti-
fied by the following inequality:

ð

0, 1½ �
n

dGAB uð Þ − CR uð Þ
�
�

�
� du

� min 1, 1 − að Þ
n
2
þ 1

� �� ��

,  

Such proximity between the dGAB copula and 
Gaussian copula, including the special case of the 
GAB copula, confers a desirable level of statistical 
tractability. 

3.1.2. Unique determination when R ¼ In 

When R ¼ In, the dGAB copula cannot be deter-
mined by its bivariate marginal copulas in general. 
Additional conditions are required. 

Theorem 3.2 (R ¼ In). If the correlation matrix R ¼
In and there are at least two pairs of non-trivial dis-
tortion functions, the corresponding dGAB copula, 
denoted as dGAB uð Þ ¼ aCR D uð Þð Þ þ 1 − að ÞCA,B

E uð Þð Þ, can be uniquely determined by its bivariate 
marginal copulas. 

The preceding theorem highlights that the dGAB 
copula, when the component Gaussian copula 
degenerates to the independent copula, may not 
possess the property of unique determination 
through its bivariate marginal copulas. However, 
with the additional requirement of the existence of 
at least two pairs of non-trivial distortion functions, 
the dGAB copula can indeed be uniquely deter-
mined. It is important to note that these conditions 
are merely sufficient and not necessary, as evidenced 
by the proof of the theorem. 

Moreover, the theorem also indicates the possibil-
ity that the GAB copula with R ¼ In may not be 
uniquely determined by its bivariate marginal copu-
las. This issue will be further investigated in the 
subsequent section. 

3.1.3. Existence of dGAB copula under given 
bivariate marginals 
Given a family of bivariate distorted Gaussian- 
Fr�echet copulas, a natural problem is whether there 
exists a dGAB copula with the given family of copu-
las as its bivariate marginal copulas. 

Theorem 3.3. Given bivariate distorted Gaussian- 
Fr�echet marginal copulas dGFim for 1 � i < m � n, 
namely

dGFim u, vð Þ ¼ aimCqim Di uð Þ, Dm vð Þð Þ

þ 1 − aimð ÞCF
dþim, d−

im
Ei uð Þ, Em vð Þð Þ, 

where the constants dþim and d−
im are non-negative 

satisfying dþim þ d−
im � 1. There exist uniform 0, 1½ �

random variables Ui, i ¼ 1, 2, :::, n following the 
dGAB copula such that P Ui � u, Um � vð Þ ¼

dGFim u, vð Þ if and only if there exist non-negative 
constants a 2 0, 1ð Þ and aij, i ¼ 1, 2, :::, n, j¼ 1, 2, 3 
satisfying that 

P3
j¼1 aij ¼ 1 such that

dþim ¼ ai1am1 þ ai3am3 and d−
im ¼ ai1am3 þ ai3am1:

(6) 

The above theorem gives a necessary and suffi-
cient condition for the existence of the dGAB cop-
ula under given bivariate distorted Gaussian-Fr�echet 
copulas. However, the uniqueness cannot be estab-
lished due to the counterexample in the subsequent 
section.

3.2. A Counterexample

Regrettably, the property of unique determination 
through bivariate marginal copulas is not satisfied 
by the GAB copulas with R ¼ In: This is formalized 
by the following proposition.

Proposition 3.1. If the correlation matrix R ¼ In, 
then the corresponding GAB copula, denoted as 
GAB uð Þ ¼ aCR uð Þ þ 1 − að ÞCA,B uð Þ, cannot be 
uniquely determined by its bivariate marginal 
copulas. 

It has been established through the direct calcula-
tion that the bivariate marginal copulas of the GAB 
copula with R ¼ In are Fr�echet copulas. This class 
of copulas takes the form n1M u, vð Þ þ n2P u, vð Þ þ

n3W u, vð Þ, where the coefficients n1, n2, and n3 are 
non-negative and satisfy n1 þ n2 þ n3 ¼ 1: It is 
worth noting that the Fr�echet copula can be repre-
sented as a convex combination of an independent 
copula and another Fr�echet copula. This leads to a 
situation where the weight of the independent cop-
ula in the bivariate marginal copula is the sum of 
the weights of the Gaussian copula and CA,B copula, 
rendering the weights of the Gaussian copula and 
CA,B copula indistinguishable. 
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4. Tail dependence and probability structure 

4.1. Tail dependencies 

As mentioned in the introduction section, the 
Gaussian copula has faced criticisms for its inability 
to accurately quantify tail dependence among mar-
ginal risks (Bassamboo et al., 2008; Jin et al., 2021; 
Wang and Dyer, 2012). In comparison, a significant 
advantage of the dGAB copula is its improved cap-
ability in capturing tail dependence. The conven-
tional definition of tail dependence can be 
characterized by the lower and upper tail depend-
ence coefficients (Joe, 1997), denoted as kL and kU, 
which are defined as follows:

kL X, Yð Þ ¼ lim
u!0þ

P X � F−1
X uð ÞjY � F−1

Y uð Þ
� �

¼ lim
u!0þ

C u, uð Þ

u
, (7) 

kU X, Yð Þ ¼ lim
u!1−
P X > F−1

X uð ÞjY > F−1
Y uð Þ

� �

¼ lim
u!1−

1 − 2uþ C u, uð Þ

1 − u
, (8) 

respectively, where C represents the copula of X 
and Y.

However, it is imperative to acknowledge that the 
concept of tail dependence primarily applies to posi-
tively correlated random variables, as both lower 
and upper tail dependence coefficients are designed 
to measure their comovements in the tails of their 
distributions. In contrast, when dealing with nega-
tively correlated random variables (e.g. the crude oil 
price and airline stock price), a new definition of 
tail dependence becomes necessary to adequately 
capture the behavior in the tail dependence.

Definition 5 (Sub-tail dependence). The sub-tail 
lower and upper-tail dependence coefficients of two 
random variables X and Y are defined by

ksub
L X, Yð Þ ¼ lim

u!0þ
P X � F−1

X uð ÞjY > F−1
Y 1 − uð Þ

� �

¼ lim
u!0þ

u − C u, 1 − uð Þ

u
,

(9) 
ksub

U X, Yð Þ ¼ lim
u!0þ

P X > F−1
X 1 − uð ÞjY � F−1

Y uð Þ
� �

¼ lim
u!0þ

u − C 1 − u, uð Þ

u
,

(10) 

respectively, where C represents the copula of X 
and Y.

It is essential to highlight that some conventional 
tail-dependent copulas, such as Archimedean copu-
las (e.g. Clayton and Gumbel copulas), are inher-
ently limited in their capacity to capture sub-tail 
dependencies. In contrast, the dGAB copula stands 

out as an advantageous choice due to its unique 
capability to not only characterize tail dependencies 
but also sub-tail dependencies by Equations (9) and 
(10). This distinctive feature renders the dGAB cop-
ula a useful tool in the realm of statistical modeling, 
particularly when confronted with scenarios involv-
ing multiple random variables exhibiting concurrent 
positive and negative correlations.

Theorem 4.1. Suppose that the distortion functions 
in the dGAB are all identical1, i.e. Di ¼ D and Ei ¼

E for i ¼ 1, 2, :::, n. Then the tail dependence coeffi-
cients of the bivariate marginal copulas are given by

kL dGABij
� �

¼ 1 − að Þ ai1aj1 þ ai3aj3ð ÞE0 0þð Þ,
kU dGABij
� �

¼ 1 − að Þ ai1aj1 þ ai3aj3ð ÞE0 1−ð Þ,

ksub
L dGABij
� �

¼ 1 − að Þ 1 − 1 − ai1aj3 þ ai3aj1ð ÞE0 0þð Þ
� �� �

,

ksub
U dGABij
� �

¼ 1 − að Þ 1 − 1 − ai1aj3 þ ai3aj1ð ÞE0 0þð Þ
� �� �

, 

respectively, where dGABij is the (i, j)-dimensional 
marginal copula of the dGAB copula with different 
indices i, j ¼ 1, 2, :::, n:

This theorem suggests that the dGAB copula’s 
capability of exhibiting tail dependence is solely 
attributed to the presence of the CA,B copula and 
the related distortion functions. As a direct applica-
tion of this theorem, the tail dependence coefficients 
of the GAB copula can be obtained as follows.

Corollary 4.1. Tail dependence coefficients of the 
GAB copula are given by

kL GABijð Þ ¼ kU GABijð Þ ¼ 1 − að Þ ai1aj1 þ ai3aj3ð Þ,
ksub

L GABijð Þ ¼ ksub
U GABijð Þ ¼ 1 − að Þ ai1aj3 þ ai3aj1ð Þ, 

where GABij is the bivariate marginal copula for 
indices i 6¼ j 2 f1, 2, :::, ng:

In contrast to the classical Gaussian copula, the 
dGAB (including GAB) copula demonstrates a dis-
tinct capacity to capture both tail and sub-tail 
dependencies. This phenomenon is visually evident 
in Figure 1, where the scatter plot of the GAB cop-
ula with standard normal marginals, displayed in 
the second panel, prominently reveals a greater dis-
persion of data points across all four corners in 
comparison to the scatter plot of the Gaussian cop-
ula with standard normal marginals, presented in 
the first panel. More importantly, incorporating the 
distortion functions, the dGAB copula exhibits the 
improved ability to capture different tail dependence 
patterns and show a high level of flexibility in tail 
dependence modeling.

1The assumption of “identical” is to ensure the existence of the tail 
dependence coefficients. Noting that M Ei uð Þ, Ej uð Þ

� �
¼

Ei uð Þ þ Ej uð Þ − jEi uð Þ − Ej uð Þj
� �

=2, the limit limu!0þ M Ei uð Þ, Ei uð Þð Þ=u 
may not exist due to the absolute value term. Therefore, we assume 
identical distortion functions for technical considerations. 
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The selection of distortion functions has a crucial 
influence on the tail dependencies of the dGAB cop-
ula. Unlike the tail dependence coefficients of the 
GAB copula, the tail dependence coefficients of the 
dGAB copula, as shown in Theorem 4.1, incorporate 
two extra terms, namely E0 0þð Þ and E0 1−ð Þ: These 
two terms augment the adaptability of the dGAB 
copula with respect to tail dependence, thereby pro-
viding a wider scope for modeling prospects. It is 
imperative to note that, in accordance with the tail 
dependency definition, their determination relies 
exclusively on the characteristics of the distortion 
functions at the two boundary points, namely, 0 and 
1. As illustrated by the last two lines in Table 2, 
although with two different distortion functions, 
their lower tail dependence coefficients remain the 
same. This phenomenon is attributable to the equal-
ity of their respective limits, denoted as E01 0þð Þ and 
E02 0þð Þ, which converge to the same value 
of 1= 1 − að Þ:

The third and fourth panels illustrate scatter plots 
for dGAB copulas with distinct pairs of distortion         

functions. Remarkably, these plots reveal disparate 
patterns of tail dependencies, underscoring the pro-
found impact of distortion function selection on the 
copula’s behavior in capturing tail dependence 
structures.

For illustration purposes, we provide the tail 
dependence coefficients for these four panels in 
Figure 1 in the table below.

4.2. Probability structure and interpretation of 
the dGAB copula

In this section, we investigate the probability struc-
ture of the dGAB copula. This pertains to the 

Figure 1. The top-left panel presents a scatter plot of the Gaussian copula with standard normal marginals, characterized by 
a correlation coefficient q ¼ 0:6: The top-right panel presents the scatter plot of the GAB copula with the same q value and 
a weight parameter a ¼ 0:8 for the component Gaussian copula. The bottom-left panel presents a scatter plot of the dGAB 
copula using distortion functions (D1, E1) with b¼ 3, while maintaining the same q and a ¼ 0:3: Finally, the bottom-right 
panel presents the scatter plot of the dGAB copula with distortion functions (D2, E2), with a ¼ 0:3 and q ¼ 0:6:

Table 2. Tail dependence coefficients of the Gaussian, GAB, 
and dGAB copulas.
Copula kL kU ksub

L ksub
U

Gaussian 0 0 0 0
GAB 0.08 0.08 0.10 0.10
dGAB with (D1, E1) 0.09 0.06 0.11 0.11
dGAB with (D2, E2) 0.09 0 0.07 0.07
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explicit expressions governing random variables 
under this copula, with notable applications in areas 
such as sampling theory (see, e.g. the scatter plot in 
Figure 1). This article focuses on highlighting the 
explicit nature of the probability structure of the 
dGAB copula. We first give a definition of the prob-
ability structure of a copula.

Definition 6 (Probability structure). A copula C is 
said to have a probability structure if there exists a 
random vector U1, U2, :::, Unð Þ with each Ui following 
a uniform 0, 1½ � distribution, such that 
U1, U2, :::, Unð Þ has the distribution function C, 

denoted as U1, U2, :::, Unð Þ � C:

In line with our introduction, the widely 
employed convex sum approach is a typical 
approach to constructing new copulas. The question 
naturally arises: does a copula constructed using this 
method maintain a probability structure? The subse-
quent theorem affirms that when both component 
copulas have probability structures, the copula con-
structed by the convex sum approach also retains a 
probability structure. 

Theorem 4.2. Consider two random vectors 
U1, U2, :::, Unð Þ � C1 and V1, V2, :::, Vnð Þ � C2, along 

with a random variable I � Bernoulli að Þ that is 
independent of all Ui and Vi. Then for any feasible 
pairs of distortion functions Di and Ei for 
i ¼ 1, 2, :::, n, the following holds:

T � aC1 D uð Þð Þ þ 1 − að ÞC2 E uð Þð Þ, 

where T ¼ T1, T2, :::, Tnð Þ is a random vector with 
Ti ¼ I � D−1

i Uið Þ þ 1 − Ið Þ � E−1
i Við Þ for i ¼ 1, 2, :::, n:

Notably, the above theorem gives the probability 
structure of the dGAB copula since both the 
Gaussian and CA,B copulas have probability struc-
tures. As demonstrated by Yang et al. (2009), con-
sider the collection of independent uniform 0, 1½ �

random variables W, Vi, and the random partition 
Aþi , A−

i , A?i
� �

of the underlying probability space 
with probabilities P Aþi

� �
¼ ai1,P A−

ið Þ ¼ ai3, and 
P A?i
� �

¼ ai2, respectively. Moreover, the independ-
ence between W, Vi, Aþi , A−

i , A?i
� �

is assumed. For 
each i ¼ 1, 2, :::, n, the resulting random variables 
Wi defined by

Wi ¼WIAþi
þ ViIA?i

þ 1 − Wð ÞIA−
i
, (11) 

follow the CA,B copula, namely W1, W2, :::,ð

WnÞ� CA,B:

On the other hand, it is well known that the 
Gaussian copula admits an explicit probability struc-
ture. As a result, it can be concluded that the dGAB 
copula also has a probability structure, which is pre-
sented in the following example.

Example 1. (Probability structure of the dGAB cop-
ula). The marginals of the dGAB copula have the fol-
lowing probability structure:

Ui ¼ I � D−1
i U

Xn

j¼1
dijXm

 ! !

þ 1 − Ið Þ

� E−1
i W1Aþi

þ Vi1A?i
þ 1 − Wð Þ1A−

i

� �
, (12) 

for i ¼ 1, 2, :::, n, where

1. I � Bernoulli að Þ is a random variable independ-
ent of the remaining random variables;

2. X1, X2, :::, Xn are standard normal random 
variables;

3. The matrix A ¼ dimð Þim is the result of the 
Cholesky decomposition, i.e. R ¼ A � A>;

4. W, Vi, and Aþi , A−
i , A?i

� �
, i ¼ 1, 2, :::, n, are 

defined by Equation (11).

As demonstrated by Yang et al. (2009), the CA,B cop-
ula has practical implications based on two assumptions. 
Concretely, Assumption A, as expounded within their 
article, delineates conditional independence based on a 
common factor. On the other hand, Assumption B eluci-
dates the joint distributions characterizing the interrela-
tionship between individual random variables and the 
aforementioned common factor. By Equation (12), the 
dGAB copula serves to extend and generalize the two 
assumptions in Yang et al. (2009). To elaborate, we 
extend Assumptions A and B to accommodate scenarios 
encompassing two common factors, denoted as I and W, 
where individual random variables show conditional 
independence. Notably, the novel factor I assumes dis-
crete values of either unity or zero with probabilities p 
and 1 − p, respectively. When I¼ 1, the individual ran-
dom variables follow the Gaussian distribution with a 
distortion function. Conversely, when I¼ 0, the random 
variables follow the CA,B copula, thereby signifying the 
potential emergence of tail risks. Furthermore, a discern-
ible observation is that the bivariate marginal distribu-
tions manifest as ‘distorted Gaussian-Fr�echet’ 
distributions, representing a mix distortion of Gaussian 
and CA,B copula components. This intricate fusion ren-
ders the model more universally applicable and germane 
than the single CA,B copula in terms of dependence 
modeling.

Let us define the function Fj u, i, v, xð Þ ¼

P Uj � u, I ¼ i, W � v, X � xð Þ to represents the joint 
distribution of Uj, W, I, and x, where u, i, v, xð Þ 2

0, 1½ � � 0, 1� 0, 1½ � � Rn: Additionally, let UR denote 
the distribution of the multivariate normal random vari-
ables N 0, Rð Þ: Based on these notations, we present the 
following proposition.

Proposition 4.1. For each random variable Ui 
defined by Equation (12), the joint distribution 
Fj u, i, v, xð Þ is given by 
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where In is the identity matrix of size n and Rj ¼

qstð Þst is a matrix of size nþ 1 satisfying qst ¼

1fs¼tg þ ast1fs¼1, t>1g þ ats1fs>1, t¼1g for s, t ¼ 1, 
2, :::, nþ 1:

By Equation (13), the joint distribution of Uj, W, 
and fXkg

n
k¼1 can be regarded as a distorted 

“mixture” of the Gaussian copula and CA,B copula. 
On the other hand, it also can be seen as an exten-
sion of the two assumptions in Yang et al. (2009) by 
noting that letting i¼ 0, a¼ 0, x! þ1, and 
Ei uð Þ ¼ u for u 2 0, 1½ � yields the joint distribution 
of Uj and W, i.e., Fj u, 0, v,ð þ1Þ¼ aj1M u, vð Þ þ

aj2
Q

u, vð Þþ aj3W u, vð Þ:

Conversely, if the following two assumptions are 
satisfied, then we can prove that the joint distribu-
tion is exactly the dGAB copula. 

Assumption G-A. There exist random variables 
W � U 0, 1ð Þ, I � Bernoulli að Þ, and random vector 
fXkg

n
k¼1 � N 0, Inð Þ such that random variables 

U1, U2, :::, Un are conditionally independent on them.  

Assumption G-B. The joint distribution of Uk, I, W, 
and fXkg

n
k¼1 takes the distribution function (13).  

The theorem below characterizes the dGAB cop-
ula with the above two assumptions. 

Theorem 4.3. Suppose that Assumption G-A and 
Assumption G-B hold. Then the joint distribution of 
U1, U2, :::, Unð Þ is exactly the dGAB copula. 

It is important to emphasize that the probability 
structure is of critical importance in many topics of 
quantitative finance. Credit derivatives pricing often 
involves the dependence modeling between default 
times and the Gaussian copula is often selected for 
such purpose (Li, 2000). However, the Gaussian 
copula is not immune to criticism due to its inabil-
ity to tail dependence. In this context, an alternative 
solution is found in the form of the dGAB copula, 
which retains the merits of the Gaussian copula 
while concurrently addressing the issue of tail 
dependence. We refer to the next section for the 
application to the BDS pricing. 

5. Application and parameters estimation 

In this section, we apply the dGAB copula to credit 
derivatives pricing and provide a parameter estima-
tion method based on the classical EM algorithm. 

5.1. The basket default swap pricing model 

A basket default swap (BDS), also called m-th-to- 
default (NTD), is a credit default protection instru-
ment written on a basket of n credits (m � n). 
The protection buyer pays a periodic, pre-specified 
rate on a notional principal until the m-th-to- 
default credit in the basket occurs or the NTD 
contract expires. In return, if the m-th default 
occurs before the contract expiration, the buyer is 
entitled either to exchange the bond issued by the 
m-th defaulted entity for its face value N or to 
receive a cash equivalent payment given by 
1 − Rmð ÞN, where Rm is called the recovery rate 

while 1 − Rm is commonly referred to as loss given 
default for the m-th credit. 

The fundamental theory for BDS pricing has 
been extensively discussed (Agosto & Ahelegbey, 
2022; Arvanitis et al., 1999; Chen & Glasserman, 
2008; Sch€onbucher, 2003). A critical aspect of the 
modeling process is the proper specification of the 
joint density of default times and their correlation 
or dependence. Copula factor models, such as the 
Gaussian copula factor model, offer advantages such 
as the potential of getting explicit or semi-explicit 
solutions, as demonstrated by Laurent and Gregory 
(2005) and Madan et al. (2006). However, the 
Gaussian copula has faced criticism for its lack of 
capability in capturing tail dependence, which can 
lead to significant tail risks undetected in the con-
text of credit derivatives. In light of these limita-
tions, we use the dGAB copula to model the 
dependence structure of default times in order to 
address the shortcomings of the Gaussian copula in 
this section. 

For simplicity, we consider a homogeneous bas-
ket of assets, where all assets have a uniform 
recovery rate p and a notional amount of 1. 
Denote by si the default time of the obligator i ¼
1, 2, :::, n, and denote by s ið Þ the order statistics of 
them, i.e. s 1ð Þ � s 2ð Þ � � � � � s nð Þ: Let P represent 
the coupon rate, which is the periodic payment 
from the protection buyer to the protection seller, 
usually a percentage of the notional amount and 
paid at regular intervals like quarterly or annually. 
Moreover, we denote by T> 0 the maturity, 
namely the duration of the contract. Denote by T0, 
T1, T2, � � � , and Tq the dates of coupon payments. 
With this setup, the default leg of an m-th to 
default swap can be evaluated as follows:

1 − að Þ aj1M Ej uð Þ, v
� �

þ aj2P Ej uð Þ, v
� �

þ aj3W Ej uð Þ, v
� �� �

UIn xð Þ, i ¼ 0,
avURj U−1 Dj uð Þ

� �
, x

� �
, i ¼ 1,

8
<

:
(13) 
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Default Leg ¼ E 1 − pð Þ1f0�s mð Þ�TgB s mð Þð Þ
h i

¼ 1 − pð Þ

ðT

0
B tð ÞdF mð Þ tð Þ, (14) 

where B tð Þ ¼ exp −rtð Þ is the discount factor with r 
the risk-free interest rate, and F mð Þ is the distribu-
tion function of s mð Þ: In particular, we note that

F mð Þ tð Þ ¼ P s mð Þ � t
� �

¼ P N tð Þ � mð Þ

¼
Xn

k¼m
P N tð Þ ¼ kð Þ, 

where N tð Þ ¼
Pn

i¼1 1fsi�tg denotes the number of 
defaults by time t. On the other hand, the premium 
leg can be evaluated as

Premium Leg ¼ E P
Xq

j¼1
B Tj−1
� �

Tj − Tj−1
� �

1fN Tjð Þ<mg

2

4

3

5

¼ P
Xq

j¼1
B Tj−1
� �

Tj − Tj−1
� �

P N Tj
� �

< m
� �

¼ P
Xq

j¼1

Xm−1

k¼0
B Tj−1
� �

Tj − Tj−1
� �

P N Tj
� �

¼ k
� �

:

(15) 

Therefore, the coupon rate P, which represents 
the price of the BDS, can be derived explicitly by 
equating the default leg (14) and the premium leg 
(15), i.e.

P ¼
1 − pð Þ

Ð T
0 B tð ÞdF mð Þ tð Þ

Pq
j¼1
Pm−1

k¼0 B Tj−1
� �

Tj − Tj−1
� �

P N Tj
� �

¼ k
� � :

(16) 

The probability P N Tð Þ ¼ kð Þ is a crucial factor in 
BDS pricing. It can be calculated using Monte Carlo 
simulations due to the known probability structures 
of default times, as described in Example 1. In cases 
where the Gaussian copula takes on specific forms, 
such as the factor models, closed-form solutions are 
available, as detailed in the following section.

5.2. Factor model and closed-form solutions

As a special case of the Gaussian copula, the one- 
factor Gaussian copula has gained widespread recog-
nition for its application in the valuation of basket 
default swaps (Dalla Valle et al., 2016; Laurent & 
Gregory, 2005; Moffatt, 2005). Specifically, within 
the context of the one-factor Gaussian copula model 
CR, if the vector Z1, Z2, :::, Znð Þ follows its distribu-
tion, it can be established that there exist independ-
ent standard Gaussian random variables, namely X1, 
X2, � � � , Xn, and X, such that for i ¼ 1, 2, :::, n, the 

relationship holds: Zi ¼ U fiXi þ

ffiffiffiffiffiffiffiffiffiffiffiffi

1 − f2
i

q

X
� �

, 

where U is the cumulative distribution function of 

the standard Gaussian distribution and fi 2 −1, 1ð Þ

is a constant.
The W1, W2, :::, Wnð Þ sequence defined by 

Equation (11), which follows the CA,B copula, can 
be transformed into the Z1, Z2, :::, Znð Þ sequence fol-
lowing the Gaussian copula through the application 
of Theorem 4.2. This results in the following ran-
dom variables

Ti ¼ I � D−1
i Zið Þ þ 1 − Ið Þ � E−1

i Wið Þ, 

for i ¼ 1, 2, :::, n, where I � Bernoulli að Þ is inde-
pendent of the rest random variables. In a BDS with 
n obligators, the default time is given by

si ¼ F−1
i I � D−1

i Zið Þ þ 1 − Ið Þ � E−1
i Wið Þ

� �
, (17) 

where Fi is the distribution function of default time 
si for i ¼ 1, 2, :::, n:

The dependence structure of the default times 
can be regarded as a three-factor model, as each 
default time si is influenced by the common factors 
(X, I, W), as specified in Equation (17). This three- 
factor dependence structure facilitates the calcula-
tion of the conditional default probability pijX, I, W

t , 
which is defined as

pijX, I, W
t ¼ P si � tjX, I, Wð Þ, (18) 

which represents the probability of the i-th obligor 
defaulting before time t, given values of the com-
mon factors (X, I, W).

Proposition 5.1. If the default time si is specified by 
Equation (17), the conditional default probability on 
(X, I, W) is given by

pijX, I, W
t

¼
pijX

t ¼ U
U−1 Di Fi tð Þð Þð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffi

1 − f2
i

q

X
fi

0

@

1

A , I ¼ 1;

qijW
t ¼ ai11fW�Ei Fi tð Þð Þg þ ai2Ei Fi tð Þð Þ þ ai31fW�1−Ei Fi tð Þð Þg , I ¼ 0:

8
>>>><

>>>>:

The three common factors (X, I, W) can be con-
sidered as latent variables that are not directly 
observable. As demonstrated by the proposition 
above, these three common factors also hold eco-
nomic interpretations. Factor I follows a Bernoulli 
distribution and can only take on two values, 
namely 1 and 0, with probabilities a and 1 − a, 
respectively. When I¼ 1, the conditional probability 
of default is described by normal distributions, sig-
nifying a “normal” state of the economic environ-
ment. Conversely, when I¼ 0, the conditional 
probability of default is modeled by a Fr�echet cop-
ula (as stated in Theorem 2.1, Yang et al. (2009)), 
indicating the presence of potential tail risks. The 
other two factors, X and W, hold analogous inter-
pretations corresponding to the two states I¼ 1 and 
I¼ 0. As indicated by Proposition 5.1, these factors 
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may correspond to specific macroeconomic indica-
tors under each state. 

The proposition posits independence between 
pijX, 1, W

t and W, as well as between pijX, 0, W
t and X. 

We denote them as pijX
t and qijW

t , respectively, for 
simplicity. Using these conditional probabilities, we 
proceed to derive the BDS price under the dGAB 
copula in the subsequent theorem. 

Theorem 5.1 (BDS price under dGAB copula). 
Suppose that the default time si is specified by 
Equation (17). Then the BDS price can be given 
explicitly by

P ¼
1 − pð Þ

Pn
k¼m

Ð T
0 B tð ÞdP N tð Þ ¼ kð Þ

Pq
j¼1
Pm−1

k¼0 B Tj−1
� �

Tj − Tj−1
� �

P N Tj
� �

¼ k
� � ,

(19) 

where the probability P N tð Þ ¼ kð Þ is defined as:

P N tð Þ ¼ kð Þ ¼
X

jIj¼k
a

ð1

−1

Y

i2I
pijx

t

Y

i62I
1 − pijx

t

� �

/ xð Þ
 

dx þ 1 − að Þ

ð1

0

Y

i2I
qijw

t

Y

i62I
1 − qijw

t

� �

dw
!

:

In the above formulation, the set I denotes a sub-
set of f1, 2, :::, ng, the notation jIj denotes the cardin-
ality of I, and functions pijx

t and qijw
t are defined in 

Proposition 5.1.

Remark. According to Theorem 4.2, the probability 
structure of the dGAB copula has clear mathematical 
expressions. Specifically, if the Gaussian copula in the 
dGAB copula is reduced to a one-factor model (Hull 
& White, 2004), the probability structure of the 
dGAB copula forms a general two-factor model, with 
the first factor being derived from the one-factor 
model and the second factor arising from the CA,B

copula. This two-factor model can be applied to the 
valuation of BDS through the multi-factor model pro-
posed by Laurent and Gregory (2005). 

5.3. Numerical examples: Monte Carlo 
simulation vs closed-form solutions 

In this section, we undertake a comparative analysis 
of the pricing impact stemming from the utilization 
of Monte Carlo simulation and closed-form solutions 
within the context of the dGAB copula. For numerical 
analysis, we take a continuous compounding rate 
denoted by r ¼ 5% and consider a set of three obliga-
tors characterized by constant hazard rates2 of 0.05, 
0.01, and 0.02, respectively. We assume the maturity 

T¼ 10 and the dates of coupon payments as Ti ¼

i − 1ð Þ=10 for i ¼ 1, 2, :::, 100: Concurrently, a recov-
ery rate of 0.3 is applied for all obligators. In the ini-
tial phase of our investigation, we take a constant 
Spearman’s rank correlation of 0.2 between default 
times. This model is similar to the illustrative exam-
ples found in the seminal work by Joshi and Kainth 
(2004) and Chen and Glasserman (2008). 

We assume that the default times s1, s2, and s3 

follow the dGAB copula. As indicated by 
Theorem 3.1, the dGAB copula can be determined by 
its bivariate dGF copulas of the following specific form:

dGFij u, vð Þ ¼ aCqij D2 uð Þ, D2 vð Þð Þ

þ 1 − að ÞCF
dþij , d−

ij
E2 uð Þ, E2 vð Þð Þ, (20) 

where i 6¼ j 2 f1, 2, 3g are two different indices, 
(D2, E2) is a pair of feasible distortion functions in 
Table 1, and CF

dþij , d−
ij 

is the Fr�echet copula defined by 

Equation (2). In the selection of distortion func-
tions, we favor the pair (D2, E2) primarily for two 
reasons: (1) The distortion pair (D2, E2) encom-
passes only one parameter, denoted as a, thereby 
diminishing the computational costs involved in 
subsequent estimation processes. (2) The constraint 
imposed on a is comparatively straightforward in 
comparison to the constraints associated with the 
other two pairs detailed in Table 1, facilitating a 
more straightforward estimation procedure. Given 
that we have assumed a constant Spearman’s rank 
correlation of 0.2 between default times, denoted 
as qS

ij ¼ 0:2 for all i 6¼ j, it follows that the correl-
ation coefficient qij remains consistent across all 
pairs i 6¼ j: Additionally, for simplicity, we adopt 
the assumption that dþij and d−

ij are the same for all 
i 6¼ j: Consequently, we can simplify our notation 
by removing the subscripts i and j from these 
parameters, representing them as q, dþ, d−ð Þ in our 
subsequent development.

Since the dGAB copula involves multiple parame-
ters, i.e., # ¼ a, q, dþ, d−ð Þ, we need to introduce 
additional assumptions for the calibration proced-
ure. Building upon the work of Li et al. (2014), we 
predefine two parameters, dþ and d–, in the Fr�echet 
copula. Consequently, in the context of the dGF 
copula (20), the updated parameters become # ¼
a, qð Þ: The calibration process involves two primary 

steps. First, we establish the relationship between a 

and q using Spearman’s rank correlation coefficient 
within the framework of the marginal copula (20). 
Second, guided by the principles outlined in 
Theorem 3.1, we compute the dGAB copula based 
on these marginal copulas for the given a.

With all parameters of the dGAB copula in place, 
we are well-prepared to calculate BDS prices 

2The default time distribution is conventionally modeled as an 
exponential distribution, denoted as F tð Þ ¼ P s � tð Þ ¼ 1 − exp −htð Þ, 
where the constant h is the so-called hazard rate. 
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through two distinct methodologies: Monte Carlo 
simulation and a closed-form solution presented in 
Theorem 5.1. It is noteworthy that the probability 
structure outlined in Example 1 assumes a pivotal 
role in the BDS pricing process, elaborated upon in 
Algorithm 2 within Appendix J. Furthermore, along-
side the Monte Carlo simulation, we offer a detailed 
pricing algorithm for the closed-form solution, pre-
sented in Algorithm 3 in the appendices.

The analysis was performed on a PC with 8GB of 
RAM and a 2.30 GHz CPU. Specifically, we 
employed Matlab, a computational software tailored 
for numerical analysis, supplemented by imported 
optimization and statistics toolboxes. The numerical 
results across various parameter configurations are 
presented in the following Table 3. Our analysis 
focuses on BDS pricing concerning the parameters 
a, dþ, and d–. Notably, a represents the Gaussian 
copula’s weight within the dGAB (or equivalently, 
GF) copula, while dþ and d– denote the weights of 
comonotonic and countermonotonic copulas in the 
Fr�echet copula. This numerical investigation aims to 
elucidate the BDS price’s relationship with these 
three parameters.

Notably, the table reveals several significant find-
ings. First, the price under the single Gaussian cop-
ula consistently exhibits the lowest values when 
compared to the prices under the GAB and dGAB 
copulas. Second, under identical parameter values 
for a, dþ, and d–, the price under the dGAB copula 
consistently surpasses that under the GAB copula. 
Third, when dþ exceeds d–, the corresponding BDS 
price experiences a notable increase. These findings 
collectively suggest that tail dependence exerts a 
critical influence on the BDS price, with greater tail 
dependence resulting in higher BDS prices. Finally, 
it is worth noting that the computational time asso-
ciated with Algorithm 3 for the closed-form solu-
tions is notably shorter than that required for the 
Monte Carlo simulation, thereby underscoring the 
advantages of employing the dGAB copula in BDS 
pricing.

5.4. Parameter estimation of dGAB copula

5.4.1. Dataset description
For the empirical study, we employ the daily log 
returns of two financial assets, namely, crude oil 
and the stock of American Airlines Group Inc. 
(AAL), spanning the period from January 1, 2006, 
to January 1, 2010. The rationale behind this selec-
tion is primarily grounded in the negative correl-
ation observed between these two assets, which has 
the potential to manifest noteworthy sub-tail 
dependencies. The dataset, comprising 975 observa-
tions, was sourced from Yahoo Finance. Descriptive 
statistics and a scatter plot between the two log 
return series are presented in Table 4 and the left 
panel of Figure 2, respectively. Notably, the mean 
returns of the two indices are close to zero, while 
the returns exhibit kurtosis values greater than 3. In 
other words, the scatter plot proves to be insuffi-
cient in terms of providing meaningful insights.

The primary goal of this empirical investigation 
is to apply the dGAB (GAB) copula to fit the daily 
log returns. To construct the marginal models, we 
employ empirical distributions, which involve trans-

forming the daily log returns Rt ¼ R 1ð Þ
t , R 2ð Þ

t

� �

to 

pseudo samples Ut ¼ U 1ð Þ
t , U 2ð Þ

t

� �

, respectively. To 

be specific, we use the rank of R 1ð Þ
t and R 2ð Þ

t to cal-
culate U 1ð Þ

t and U 2ð Þ
t , which are then normalized by 

the dataset’s length n¼ 975, namely

U ið Þ
t ¼

rank Ri
t

� �

nþ 1
, for i ¼ 1, 2, t ¼ 1, 2, :::, n:

Additional details can be found in Chen and Fan 
(2006). The scatter plot of the pseudo samples is 
presented in the right panel of Figure 2.

The approximation model
Given that the dGAB (GAB) copula with R 6¼ In can 
be uniquely identified by its bivariate marginals, as 
shown by Theorem 3.1, it is possible to utilize the 
bivariate marginal copulas to determine the copula. 

Table 3. Comparison of Second-to-Default prices: Monte Carlo simulation (in blue) vs closed-form solution (in pink). The val
ues in parentheses and “CT” denote the standard deviations and average computational time, respectively, derived from 
5000 independent Monte Carlo simulations.

a 0.3 0.5 0.7 0.9 CT

ðdþ , d−Þ ¼ ð0:5, 0:5Þ PGAB 1.18% 1.12% 1.08% 1.04% 1.93s
ð0:042%Þ ð0:041%Þ ð0:038%Þ ð0:040%Þ

1.19% 1.13% 1.10% 1.02% 0.03s
PdGAB 1.19% 1.13% 1.32% 1.47% 2.13s

ð0:043%Þ ð0:041%Þ ð0:044%Þ ð0:046%Þ

1.23% 1.12% 1.22% 1.41% 0.04s
ðdþ , d−Þ ¼ ð0:8, 0:2Þ PGAB 1.30% 1.19% 1.18% 1.05% 1.84s

ð0:043%Þ ð0:045%Þ ð0:045%Þ ð0:036%Þ

1.44% 1.23% 1.21% 1.11% 0.03s
PdGAB 1.26% 1.19% 1.39% 1.42% 2.12s

ð0:043%Þ ð0:045%Þ ð0:045%Þ ð0:036%Þ

1.45% 1.26% 1.29% 1.44% 0.04s
PGaussian ¼ 0:96% 0.02s
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In this empirical study, we choose the first distor-
tion function in Table 1, namely D uð Þ ¼ u3 as the 
distortion function in the Gaussian copula. 
Accordingly, we have the feasible pair E uð Þ ¼
u − a 1ð Þu3ð Þ= 1 − a 1ð Þð Þ for u 2 0, 1½ �, where a 1ð Þ

denotes the weight attributed to the Gaussian com-
ponent copula within the dGAB copula. Therefore, 
the bivariate marginal copulas of the dGAB copula 
can be expressed as follows:

C uð Þ ¼ a 1ð ÞCq D uð Þð Þ þ a 2ð ÞM E uð Þð Þ

þa 3ð ÞP E uð Þð Þ þ a 4ð ÞW E uð Þð Þ, (21) 

where u ¼ u 1ð Þ, u 2ð Þ
� �

, D uð Þ ¼ D u 1ð Þð Þ, D u 2ð Þð Þ
� �

, 
E uð Þ ¼ E u 1ð Þð Þ, E u 2ð Þð Þ

� �
, and a ið Þ, i ¼ 1, 2, 3, 4, are 

non-negative satisfying 
P4

i¼1 a ið Þ ¼ 1: Additionally, 
the correlation coefficient q 2 −1, 1ð Þ is non-zero.

However, the comonotonic and countermono-
tonic copulas are singular copulas that do not pos-
sess density functions (Halmos, 2013; Nelsen, 2006). 
This singular property presents a challenge in esti-
mating their parameters. As noted in the introduc-
tion, the comonotonic and countermonotonic 
copulas can be viewed as extreme cases of the 
bivariate Gaussian copula Cq when q approaches 1 
and −1, respectively. To facilitate the estimation of 
the parameters, we opt for the use of Gaussian cop-
ulas with correlation coefficients close to 1 and −1, 
namely q− ¼ −0:99 and qþ ¼ 0:99, to substitute 
the countermonotonic and comonotonic copulas in 
Equation (21), respectively. Namely, we estimate 
paratermers a ið Þ for i ¼ 1, 2, 3, 4 and q in the 

following approximated copula:

Capx uð Þ ¼ a 1ð ÞCq D uð Þð Þ þ a 2ð ÞCqþ E uð Þð Þ

þ a 3ð ÞP E uð Þð Þ þ a 4ð ÞCq− E uð Þð Þ: (22) 

It is important to observe that in cases where dis-
tortion functions are simple, the copula defined in 
Equation (22) shares similarities with the Gaussian 
mixture model (GMM). However, there exist dis-
tinct differences between them. (1) GMM relies on 
Gaussian probability distributions for its constituent 
components, whereas the model described in 
Equation (22) utilizes copulas to represent the 
underlying distributions. (2) A notable enhancement 
in the copula defined by Equation (22) compared to 
GMM is its incorporation of distortion functions. 
This inclusion substantially enhances the model’s 
flexibility and adaptability.

In light of the fact that this estimation process 
relies on an approximation, we provide a brief ana-
lysis of the associated errors in Appendix N.

dGAB-EM algorithm
The estimation of its parameters can be achieved 
through the classical expectation maximization (EM) 
algorithm. Specifically, let ut ¼ ðU 1ð Þ

t , U 2Þð Þ
t be the 

sample following the Gaussian copula in each group, 
i.e., u � Cq: Denote by z the random variable fol-
lowing the categorical distribution, i.e., z �
Categorical k, að Þ, where k¼ 4, a ¼ ða 1ð Þ, a 2ð Þ, a 3ð Þ, 
a 4ð ÞÞ, a ið Þ � 0, and 

P4
i¼1 a ið Þ ¼ 1:

For notation convenience, we denote h ¼

a 1ð Þ, a 2ð Þ, a 3ð Þ, a 4ð Þ, q
� �

, q 1ð Þ, q 2ð Þ, q 3ð Þ, q 4ð Þ
� �

¼ q, qþ,ð

Table 4. Summary statistics of the daily log returns of crude oil and AAL from 2006 to 2010.
Min Median Max Mean S.D. Skewness Kurtosis

Crude oil −13.07% 0.13% 16.31% 0.02% 2.92% 0.16 7.20
AAL −36.18% −0.20% 46.21% −0.20% 6.35% 0.20 8.39

Figure 2. The scatter plot of the daily log returns of crude oil versus AAL from 2006 to 2010, and the right panel displays the 
scatter plot of the pseudo samples of the same dataset.
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0, q−Þ, and let D1, D2, D3, D4ð Þ ¼ D, E, E, Eð Þ in the 
following developments. A maximum likelihood 
estimation can be applied:

l hð Þ ¼
Xn

t¼1
log p ut; hð Þ

¼
Xn

t¼1

X4

j¼1
log p utjzt ¼ j; h

� �
� p zt ¼ j; hð Þ

� �
,

(23) 

where p zt ¼ j; hð Þ ¼ a jð Þ and p utjzt ¼ j; h
� �

¼

cq jð Þ Dj utð Þ
� �

¼ cq jð Þ Dj u 1ð Þ
t

� �

, Dj u 2ð Þ
t

� �� �

: Here cq is 
the density function of the Gaussian copula Cq for 
q 2 −1, 1ð Þ, i.e.,

cq u, vð Þ

¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p

exp −
q2 U−2 uð Þ þ U−2 vð Þ
� �

− 2qU−1 uð ÞU−1 vð Þ
2 1 − q2ð Þ

 !

1
/ U−1 uð Þ
� �

/ U−1 vð Þ
� � , 

where / is the standard normal density function.
This study details the dGAB-EM algorithm, 

which is utilized for parameter estimation and is 
presented below.

Algorithm 1 dGAB-EM algorithm 
1: Initializing parameters: iter  0, a ið Þ

iter  0:25, 
for i ¼ 1, 2, 3, 4, and qiter  0 

2: while iter¼ 0 or jjhiter − hiter−1jj > � do 
3:  dGAB-E step: wt

j ¼ p zt ¼ jjut; hiter
� �

4:  iter  iter þ 1 
5: dGAB-M step: hiter ¼ argmaxh

Pn
t¼1 P4

j¼1 wt
j log p utjzt ¼ j; h

� �
� p zt ¼ j; hð Þ=wt

j

� �

6: end while 
7: return hiter  

For more details about the algorithm, we refer to 
Appendix M. 

Note that for the conditional probability in the 
dGAB-E step in the dGAB-EM algorithm, Bayes’ 
theorem indicates that

p zt ¼ jjut; hiter
� �

¼
p utjzt ¼ j; hiter
� �

� p zt ¼ j; hiterð Þ
P4

j¼1p utjzt ¼ j; hiter
� �

� p zt ¼ j; hiterð Þ

¼
c
q

jð Þ
iter

Dj utð Þ
� �

� a
jð Þ

iter
P4

j¼1c
q

jð Þ
iter

Dj utð Þ
� �

� a
jð Þ

iter

:

The results 
Exclusively applying the Gaussian copula to model 

pseudo samples U 1ð Þ
t , U 2ð Þ

t

� �

yielded an estimated 
correlation coefficient q̂Gaussian ¼ −0:17: To conduct 
a more thorough parameter analysis, we set an error 
threshold of � ¼ 10−5 and utilized Algorithm 1
within the framework defined by Equation (22). The 
analysis was performed on a PC with 8GB of RAM 
and a 2.30 GHz CPU. The results are summarized in 
Table 5. 

The findings disclosed in this analysis yield sev-
eral noteworthy observations. To begin with, it is 
evident that the pseudo samples demonstrate a dis-
cernible negative correlation, as evidenced by the 
negative values of both q̂Gaussian and q̂: Second, it is 
essential to underscore that the Gaussian copula car-
ries a relatively diminished weight, constituting less 
than 30% of the total correlation structure. This 
observation suggests that the reliance on the 
Gaussian copula as the sole model for capturing 
correlation may not be a suitable approach. Third, it 
is noteworthy that both coefficient estimates, ca 2ð Þ

and ca 4ð Þ , exhibit positive values, implying the pres-
ence of comonotonicity and countermonotonicity 
within the datasets. However, it is imperative to 
acknowledge that in the cases of GAB and dGAB, 
ca 4ð Þ surpasses ca 2ð Þ , signifying a greater prevalence of 
countermonotonicity relative to comonotonicity in 
the dataset. Fourth, the estimation results manifest a 
conspicuous dissimilarity between qGab and 
qGaussian, underscoring the efficacy of modeling the 
central and tail segments separately to enhance both        

Table 5. Comparisons of three competing models. ‘LL’, ‘AIC’, and ‘CT’ denote the log-likelihood, Akaike information criterion, 
and computational time, respectively.
Model Estimation results LL AIC CT

Gaussian q̂Gaussian ¼ −0:17 −452.99 907.98 0.01s
GAB ĥ ¼ ð0:29, 0:06, 0:53, 0:12, − 0:78Þ −352.60 713.20 17.96s
dGAB ĥ ¼ ð0:26, 0:10, 0:42, 0:22, − 0:72Þ −322.79 653.58 19.83s

Table 6. The coefficients of Fr�echet copula in GAB 
copula (E.2).
Copula function Coefficient

Comonotonic copula ~d
þ

ij =ð1 − xÞ

Independent copula ð~d
?

ij − xÞ=ð1 − xÞ

Countermonotonic copula ~d
−
ij =ð1 − xÞ

Table 7. Parameters estimation with different pairs 
of ðqþ, q−Þ:

ðqþ , q−Þ
cað1Þ cað2Þ cað3Þ cað4Þ q̂

ð1 − 10−1, − 1þ 10−1Þ 0.2316 0.0994 0.4616 0.2074 −0.7215
ð1 − 10−2, − 1þ 10−2Þ 0.2559 0.1043 0.4176 0.2222 −0.7211
ð1 − 10−3, − 1þ 10−3Þ 0.2579 0.1027 0.4135 0.2259 −0.7211

..

. ..
. ..

. ..
. ..

. ..
.

ð1 − 10−7, − 1þ 10−7Þ 0.2578 0.1026 0.4144 0.2252 −0.7211
ð1 − 10−8, − 1þ 10−8Þ 0.2578 0.1025 0.4142 0.2255 −0.7211
ð1 − 10−9, − 1þ 10−9Þ 0.2878 0.1025 0.4140 0.2257 −0.7211
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flexibility and accuracy. Finally, the values of both 
LL and AIC in the table consistently indicate the 
ordering of dGAB > GAB > Gaussian in terms of 
the quality of fit, thereby affirming the superior per-
formance of the dGAB (GAB) copula models over 
the singular Gaussian copula model. 

6. Conclusions 

This study presents an extension of the single 
Gaussian copula to the dGAB (GAB) copula, with 
the aim of improving its ability to describe tail 
dependence. The newly developed families of copu-
las retain the advantageous properties of the classic 
Gaussian copula, whereby they can be uniquely 
determined by their bivariate copulas, provided that 
appropriate conditions are met. Furthermore, the 
study provides an analysis of the probability struc-
ture of the distorted GAB copula. As a practical 
application, the dGAB copula model is employed in 
the BDS pricing. A parameter estimation method 
based on the EM algorithm is also proposed 
(Table 7). The results of our work suggest that the 
dGAB copula is a promising tool for modeling 
financial data with complex dependence structures. 
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Appendix 
Online Appendices 

A. Some preliminaries 

For readers’ convenience, it is imperative that we incorp-
orate two auxiliary lemmas from the existing literature. 

Lemma A.1 (Yang et al. (2006)). Each bivariate copula 
can be uniquely decomposed as a convex combination of a 
Fr�echet copula and an indecomposable copula, i.e. for any 
bivariate copula C, we have the following decomposition:

C u, vð Þ ¼ n1M u, vð Þ þ n2uvþ n3W u, vð Þ þ lf u, vð Þ,
(A.1) 

where the coefficients n1, n2, n3, and l are uniquely deter-
mined, and f is an indecomposable copula.

Additionally, explicit formulas can be utilized to calcu-
late the coefficients n1, n2, n3, and l. For instance, Yang 
et al. (2006) indicates that the coefficient n2 can be 
obtained through the expression n2 ¼

inf u, vð Þ2 0, 1½ �
2 @2C u, vð Þ=@u@v: It is noteworthy that the 

bivariate Gaussian copula, characterized by a correlation 
coefficient q 6¼ 0, is indecomposable. Specifically, in the 
case where r 6¼ 0, the coefficients n1, n2, and n3 equal 
zero, while l equals one.

The second lemma pertains to the decomposition of a 
copula.

Lemma A.2 (Halmos, 2013; Nelsen, 2006). For any 
bivariate copula C, it can be decomposed into a sum of an 
absolutely continuous item A and a singular item S 
uniquely, i.e.

C u, vð Þ ¼ A u, vð Þ þ S u, vð Þ, 

where

A u, vð Þ ¼

ðu

0

ðv

0

@2C s, tð Þ
@s@t

dsdt and S u, vð Þ

¼ C u, vð Þ − A u, vð Þ:

B. Proof of Theorem 3.1

Proof. For the given dGAB copula of the following 
form:

dGAB uð Þ ¼ aCR D uð Þð Þ þ 1 − að ÞCA,B E uð Þð Þ, u 2 0, 1½ �
n, 

the objective of this poof is to determine R ¼ qijð Þ, a, aij, 
Di, and Ei for i ¼ 1, 2, :::, n and j¼ 1, 2, 3 from its bivari-
ate marginal copulas. It is obvious that for different indi-
ces i and j, the bivariate marginal copula takes the 
following form:

dGABij u, vð Þ ¼ g1Cqij Di uð Þ, Dj vð Þ
� �

þ g2M Ei uð Þ, Ej vð Þ
� �

þ g3Ei uð ÞEj vð Þ þ g4W Ei uð Þ, Ej vð Þ
� �

, 

where g1 ¼ a, g2 ¼ 1 − að Þ ai1aj1 þ ai3aj3ð Þ, g4 ¼ 1 − að Þ

ai1ð aj3þ ai3aj1Þ, and g3 ¼ 1 − g1 þ g2 þ g4ð Þ:

Therefore, it is equivalent to determining the coeffi-
cients gi for i ¼ 1, 2, 3, 4 and qij through the bivariate 
marginal copula dGABij:

Applying Lemma A.1 to the marginal copula dGABij 
yields the following decomposition:  

dGABij u, vð Þ ¼ lfij u, vð Þ þ n1M u, vð Þ þ n2uvþ n3W u, vð Þ,
(B.1) 

where the coefficients l, n1, n2, n3, and the indecompos-
able copula fij u, vð Þ can be uniquely determined.

For the copula fij, it can be decomposed into a sum of 
an absolutely continuous part and a singular part by 
Lemma A.2, namely fij u, vð Þ ¼ Aij u, vð Þ þ Sij u, vð Þ, where 
A(u, v) and S(u, v) denote the absolutely continuous and 
singular parts, respectively. Substitute the decomposition 
into Equation (B.1) gives  

g1Cqij Di uð Þ, Dj vð Þ
� �

þ g2M Ei uð Þ, Ej vð Þ
� �

þ g3Ei uð ÞEj vð Þ þ g4W Ei uð Þ, Ej vð Þ
� �

¼ lAij u, vð Þ þ lSij u, vð Þ þ n1M u, vð Þ þ n2uvþ n3W u, vð Þ:

(B.2) 
Note that absolutely continuous items in Equation 

(B.2) are Cqij Di uð Þ, Dj vð Þ
� �

, Ei uð ÞEj vð Þ, A(u, v), and uv, 
while singular items are M Ei uð Þ, Ej vð Þ

� �
, W Ei uð Þ, Ej vð Þ
� �

, 
S(u, v), M(u, v), and W(u, v). By Lemma A.2, we know 
that the decomposition of a copula into an absolutely 
continuous part and a singular part is unique. Therefore, 
we have the following two equations:

M Ei uð Þ, Ej vð Þ
� �

, W Ei uð Þ, Ej vð Þ
� �

(B.3) 

g1Cqij Di uð Þ, Dj vð Þ
� �

þ g3Ei uð ÞEj vð Þ ¼ n2uvþ lAij u, vð Þ,

(B.4) 

for all u, vð Þ 2 0, 1½ �
2
:

Letting v¼ 1 in Equation (B.3) yields that 
g2 þ g4ð ÞEi uð Þ ¼ n1 þ n3ð Þuþ lSij u, 1ð Þ for all u 2 0, 1½ �:

Furthermore, letting u¼ 1 yields

g2 þ g4 ¼ n1 þ n3 þ lSij 1, 1ð Þ: (B.5) 

Accordingly, for all u 2 0, 1½ �, we have

Ei uð Þ ¼
n1 þ n3ð Þuþ lSij u, 1ð Þ

n1 þ n3 þ lSij 1, 1ð Þ
, 

thus the distortion function Ei is uniquely determined 
for i ¼ 1, 2, :::, n:

In the following, we will proceed to determine the 
coefficients g2 and g4. Since distortion functions are 
always continuous, there exists a pair of positive numbers 
(u0, v0) which are sufficiently small such that 
W Ei u0ð Þ, Ej v0ð Þ
� �

¼ 0 and W u0, v0ð Þ ¼ 0: Substituting 
such a pair (u0, v0) into Equation (B.3), we have 
g2M Ei u0ð Þ, Ej v0ð Þ

� �
¼ n1M u0, v0ð Þ þ lSij u0, v0ð Þ, then we 

have

g2 ¼
n1M u0, v0ð Þ þ lSij u0, v0ð Þ

M Ei u0ð Þ, Ej v0ð Þ
� � :

Accordingly, the coefficient g4 can also be determined 
by Equation (B.5), i.e.

g4 ¼ n1 þ n3 þ lSij 1, 1ð Þ −
n1M u0, v0ð Þ þ lSij u0, v0ð Þ

M Ei u0ð Þ, Ej v0ð Þ
� � :

To summarize, the coefficients g2, g4, and distortion 
function Ei have been uniquely determined now. Next, we 
proceed to determine the remaining coefficients g1, g3, 
and distortion functions Di for i ¼ 1, 2, :::, n:
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By letting u ¼ v ¼ 1 in Equation (B.4), we obtain that

g1 þ g3 ¼ n2 þ lAij 1, 1ð Þ: (B.6) 

On the other hand, a rearrangement of the relationship 
g1Di uð Þ þ 1 − g1ð ÞEi uð Þ ¼ u yields

Di uð Þ ¼
u − 1 − g1ð ÞEi uð Þ

g1
, for all u 2 0, 1½ �: (B.7) 

Substituting (u, v) with E−1
i uð Þ, E−1

j vð Þ
� �

in Equation 
(B.4) yields that for all u, vð Þ 2 0, 1½ �

2,

g1Cqij Di E−1
i uð Þ

� �
, Dj E−1

j vð Þ
� �� �

þ g3uv

¼ n2E−1
i uð ÞE−1

j vð Þ þ lAij E−1
i uð Þ, E−1

j vð Þ
� �

: (B.8) 

Taking the second mixed partial derivative for both 
sides in Equation (B.8) yields

g1

@2Cqij Di E−1
i uð Þ

� �
, Dj E−1

j vð Þ
� �� �

@u@v
þ g3

¼ n2
dE−1

i uð Þ
du

dE−1
j uð Þ
du

þ l
@2Aij E−1

i uð Þ, E−1
j vð Þ

� �

@u@v
,

(B.9) 

for all u, vð Þ 2 0, 1½ �
2
:

By direct calculation we have

@2Cqij Di E−1
i uð Þ

� �
, Dj E−1

j vð Þ
� �� �

@u@v

¼
dDi E−1

i uð Þ
� �

du

dDj E−1
j vð Þ

� �

dv
cqij Di E−1

i uð Þ
� �

, Dj E−1
j vð Þ

� �� �
,

(B.10) 

where cq is the density function of the Gaussian copula, 
i.e.

cq u, vð Þ ¼
1

2p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p

exp −
U−2 uð Þ þ U−2 vð Þ − 2qU−1 uð ÞU−1 vð Þ

2 1 − q2ð Þ

 !

1
/ U−1 uð Þ
� �

/ U−1 vð Þ
� � :

Since we assume that R 6¼ In, there exists at least a 
non-zero correlation coefficient qij for i 6¼ j: In the fol-
lowing, we discuss two cases: qij 6¼ 0 and qij ¼ 0 for i 6¼ j:

1. For the case qij 6¼ 0, we note that 
limu!1−, v!0þ cqij Di E−1

i uð Þ
� �

, Dj E−1
j vð Þ

� �� �
¼ 0 holds. 

On the other hand, noting that dDi E−1
i uð Þ

� �
= du >

0 and dDj E−1
j vð Þ

� �
= dv > 0 for all u, v 2 0, 1½ �, 

Equation (B.10) indicates that

inf
u, vð Þ2 0, 1½ �

2

@2

@u@v
Cqij Di E−1

i uð Þ
� �

, Dj E−1
j vð Þ

� �� �
¼ 0:

Therefore, taking infimum on both sides of Equation 
(B.9) yields

g3 ¼ inf
u, vð Þ2 0, 1½ �

2
n2

dE−1
i uð Þ
du

dE−1
j vð Þ
dv

þ l
@2Aij E−1

i uð Þ, E−1
j vð Þ

� �

@u@v

 !

,

(B.11) 

which shows that the coefficient g3 has been uniquely 
determined for the case qij 6¼ 0, and thus, another 
coefficient g1 can be determined by Equation (B.6), 
i.e. g1 ¼ n2 þ lAij 1, 1ð Þ − g3, which is exactly the 
weight a in the dGAB copula. Accordingly, the dis-
tortion function Di can be determined by Equation 
(B.7) for i ¼ 1, 2, :::, n:

2. For the case qij ¼ 0, we note that Equation (B.4)
indicates that g1Di uð ÞDj vð Þ þ g3Ei uð ÞEj vð Þ ¼
n2uvþ lAij u, vð Þ holds for all u, v 2 0, 1½ �: Since g1 ¼

a, Di, and Ei have already been determined previ-
ously, we can obtain the value of g3 easily by choos-
ing a pair of u0, v0ð Þ 2 0, 1½ �

2 in Equation (B.4).

Next, we proceed to determine the correlation coeffi-
cient qij in the bivariate marginal copula. A rearrange-
ment of Equation (B.4) gives the Gaussian copula with 
correlation coefficient qij explicitly as
Cqij u, vð Þ

¼
n2D−1

i uð ÞD−1
j vð Þ þ lAij D−1

i uð Þ, D−1
j vð Þ

� �
− g3Ei D−1

i uð Þ
� �

Ej D−1
j uð Þ

� �

g1
:

(B.12) 
On the other hand, the definition of the Gaussian indi-

cates that

@Cqij u, vð Þ

@u
¼ U

U−1 vð Þ − qijU
−1 uð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

ij

q

0

@

1

A, for all u, v 2 0, 1½ �
2
:

(B.13) 
By Equation (B.12), the left-hand side of Equation 

(B.13) is already known. Therefore, by choosing two dif-
ferent pairs (u1, v1) and (u2, v2) and substituting them 
into Equation (B.13), the correlation coefficient qij can be 
obtained by solving the system of equations.

To conclude, the distortion functions Di and Ei, coeffi-
cients gi, and correlation matrix R have all been uniquely 
determined from the bivariate marginal copulas now. 
Furthermore, the coefficients aij can be determined by g1, 
g2, and g4 by Yang et al. (2009). The proof is completed.    w

C. Proof of Theorem 3.2

Proof. Similar to the previous proof, the objective of this 
poof is to determine a, aij, Di, and Ei for i ¼ 1, 2, :::, n 
and j¼ 1, 2, 3 in the dGAB copula from its bivariate mar-
ginal copulas dGABij for i 6¼ j, which can be expressed as

dGABij u, vð Þ ¼ g1Di uið ÞDj ujð Þ þ g2M Ei uið Þ, Ej ujð Þ
� �

þ g3Ei uið ÞEj ujð Þ þ g4W Ei uið Þ, Ej ujð Þ
� �

, 

where g1 ¼ a, g2 ¼ 1 − að Þ ai1aj1 þ ai3aj3ð Þ, g4 ¼ 1 − að Þ

ai1aj3 þ ai3aj1ð Þ, and g3 ¼ 1 − g1 þ g2 þ g4ð Þ: Now it suf-
fices to determine Di, Ei for i ¼ 1, 2, :::, n and gi 
for i ¼ 1, 2, 3, 4:

Applying Lemma A.1 to the marginal copula dGABij 
for i 6¼ j yields the decomposition:

dGABij u, vð Þ ¼ lfij u, vð Þ þ n1M u, vð Þ þ n2uvþ n3W u, vð Þ,
(C.1) 

where the coefficients l, n1, n2, and n3 can be uniquely 
determined.

By Lemma A.2, the indecomposable copula fij can be 
decomposed into a convex sum of an absolutely 
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continuous part and a singular part uniquely, i.e. 
fij u, vð Þ ¼ Aij u, vð Þ þ Sij u, vð Þ, where A(u, v) and S(u, v) 
denote the absolutely continuous and singular parts, 
respectively. Substituting f(u, v) with A(u, v) and S(u, v) 
into Equation (C.1), we obtain
g1Di uð ÞDj vð Þ þ g2M Ei uð Þ, Ej vð Þ

� �
þ g3Ei uð ÞEj vð Þ þ g4W Ei uð Þ, Ej vð Þ

� �

¼ lAij u, vð Þ þ lSij u, vð Þ þ n1M u, vð Þ þ n2uvþ n3W u, vð Þ:

(C.2) 
Note that the absolutely continuous items in Equation 

(C.2) are Di uð ÞDj vð Þ, Ei uð ÞEj vð Þ, A(u, v), and uv, and the 
singular items are M Ei uð Þ, Ej vð Þ

� �
, W Ei uð Þ, Ej vð Þ
� �

, S(u, 
v), M(u, v), and W(u, v). Lemma A.2 indicates that the 
decomposition into the absolutely continuous and the sin-
gular items is unique. Thus for all u, vð Þ 2 0, 1½ �

2, we have

g2M Ei uð Þ, Ej vð Þ
� �

þ g4W Ei uð Þ, Ej vð Þ
� �

¼ n1M u, vð Þ þ n3W u, vð Þ þ lSij u, vð Þ, (C.3) 
g1Di uð ÞDj vð Þ þ g3Ei uð ÞEj vð Þ ¼ n2uvþ lAij u, vð Þ: (C.4) 

Letting v¼ 1 in Equation (C.3) yields g2 þ g4ð ÞEi uð Þ ¼
n1 þ n3ð Þuþ lSij u, 1ð Þ for all u 2 0, 1½ �, and letting u ¼

v ¼ 1 in Equation (C.3) yields that  

g2 þ g4 ¼ n1 þ n3 þ lSij 1, 1ð Þ: (C.5) 

Then for all u 2 0, 1½ �, we have  

Ei uð Þ ¼
aþ cð Þuþ lS u, 1ð Þ

aþ cþ lS 1, 1ð Þ
, 

thus the distortion function Ei is uniquely determined 
for i ¼ 1, 2, :::, n:

In the following, we will proceed to determine g2 and 
g4, respectively. Let (u0, v0) be a pair of positive numbers 
that are sufficiently small such that W Ei u0ð Þ, Ej v0ð Þ

� �
¼ 0 

and W u0, v0ð Þ ¼ 0: Substituting (u0, v0) into Equation 
(C.3), we obtain that g2M Ei u0ð Þ, Ej v0ð Þ

� �
¼ n1M u0, v0ð Þ þ

lSij u0, v0ð Þ: Thus the coefficient g2 can be uniquely deter-
mined by

g2 ¼
n1M u0, v0ð Þ þ lSij u0, v0ð Þ

M Ei u0ð Þ, Ej v0ð Þ
� � : (C.6) 

Accordingly, the coefficient g4 can be determined by 
Equation (C.5), namely

g4 ¼ n1 þ n3 þ lSij 1, 1ð Þ −
n1M u0, v0ð Þ þ lSij u0, v0ð Þ

M Ei u0ð Þ, Ej v0ð Þ
� � :

Up to now, the coefficients g2 and g4, and distortion 
functions Ei have been uniquely determined. We proceed 
to determine the remaining coefficients n1 and n3, and 
distortion functions Di.

By letting u ¼ v ¼ 1 in Equation (C.4), we obtain that 
g1 þ g3 ¼ n2 þ lAij 1, 1ð Þ: On the other hand, since 
g1Di uð Þ þ 1 − g1ð ÞEi uð Þ ¼ u holds for all u 2 0, 1½ �, we 
have Di uð Þ ¼ u − 1 − g1ð ÞEi uð Þ

� �
=g1: Substituting into 

Equation (C.4) yields

u − 1 − g1ð ÞEi uð Þ
� �

v − 1 − g1ð ÞEj vð Þ
� �

g1
þ g3Ei uð ÞEj vð Þ

¼ n2uvþ lAij u, vð Þ:

Solving the equation for g1, we obtain that

g1 ¼
Ei uð Þ − uð Þ v − Ej vð Þ

� �

Ei uð Þvþ Ej vð Þuþ n2 þ lAij 1, 1ð Þ − 2
� �

Ei uð ÞEj vð Þ − n2uv − lAij u, vð Þ
:

(C.7) 
By the assumption that there at least exist two nontri-

vial distortion functions, there exist two indices i 6¼ j and 
a pair of (u0, v0) such that the denominator in Equation 
(C.7) does not equal zero, hence the coefficient g1 can be 
obtained. Accordingly, we have g3 ¼ n2 þ lAij 1, 1ð Þ − g1:

Accordingly, the distortion function Di can be uniquely 
determined by Di uð Þ ¼ u − g1Ei uð Þð Þ=g1 for all u 2 0, 1½ �:

To conclude, the distortion functions Di, Ei, and coef-
ficients gi have all been uniquely determined by the 
bivariate marginal copulas. Furthermore, the coefficients 
aij can be determined by g1, g2, and g4 by Yang et al. 
(2009). The proof is completed.                               w

D. Proof of Theorem 3.3

Proof. We first prove the sufficiency. Suppose that there 
exist non-negative constants a 2 0, 1ð Þ and aij satisfying 
Equation (6). For each i< n, let W and Vi be uniform 
0, 1½ � random variables, X ¼ X1, X2, :::, Xnð Þ 2 N 0, Inð Þ be 

a standard normal random vector, and I � Bernoulli að Þ

be a Bernoulli random variable. Moreover, let 
Aþi , A?i , A−

i
� �

be a random partition of the probability 
space satisfying that P Aþi

� �
¼ ai1,P A?i

� �
¼ ai2, and 

P A−
ið Þ ¼ ai3: Assume that W, Vi, Aþi , A−

i , A?i
� �

, Xi, and I 
for i ¼ 1, 2, :::, n are independent. Define

Ui ¼ I � D−1
i U

Xn

j¼1
aimXm

 ! !

þ 1 − Ið Þ

� E−1
i W1Aþi

þ Vi1A?i
þ 1 − Wð Þ1A−

i

� �
:

By Theorem 4.2 and Example 1, the joint distribution 
of them is exactly the dGAB copula. On the other hand, 
we see that Ui, i ¼ 1, 2, :::, n are conditionally independent 
on W, I, Xð Þ, and the joint distribution of Ui, I, W, and X 
is characterized by Equation (13). By letting aim ¼ a for 
all i, m ¼ 1, 2, :::, n, Theorem 4.3 indicates that 
P Ui � u, Um � vð Þ ¼ dGFim u, vð Þ, which completes the 
proof of the sufficiency. 

For the necessity direction, suppose that there exist 
uniform random variables Ui, i ¼ 1, 2, :::, n, following the 
dGAB copula such that P Ui � u, Um � vð Þ ¼ dGFim u, vð Þ:

By Example 1, there exist uniform 0, 1½ � random variables 
Wi, i ¼ 1, 2, :::, n, and aij, i ¼ 1, 2, :::, n, j¼ 1, 2, 3, such 
that W1, W2, :::, Wnð Þ follows the dGAB copula. 
Accordingly, W1, W2, :::, Wnð Þ and U1, U2, :::, Unð Þ have 
the same distribution, which yields P Ui � u, Um � vð Þ ¼

P Wi � u, Wm � vð Þ ¼ dGFim u, vð Þ, then Equation (6)
holds true, which completes the proof of the necessity. w 

E. Proof of Proposition 3.1 

Proof. Since R ¼ qijð Þ ¼ In, we have qij ¼ 0 for all i 6¼ j:
The bivariate marginal copula GABij of the GAB copula 
takes the following form:
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GABij u, vð Þ ¼ aP u, vð Þ þ 1 − að Þ dþij M u, vð Þ þ d?ij P u, vð Þ þ d−
ij W u, vð Þ

� �

¼ 1 − að Þdþij M u, vð Þ þ aþ 1 − að Þd?ij
� �

P u, vð Þ þ 1 − að Þd−
ij W u, vð Þ

¼ ~d
þ

ij M u, vð Þ þ ~d
?

ij P u, vð Þ þ ~d
−
ij W u, vð Þ,

(E.1) 

where ~d
þ

ij ¼ 1 − að Þdþij , ~d
?

ij ¼ aþ 1 − að Þd?ij , and ~d
−
ij ¼ 1 − að Þd−

ij : In particular, we note that dþij , d?ij , and d−
ij are coeffi-

cients from the CA,B copula satisfying that dþij ¼ ai1aj1 þ ai3aj3, d−
ij ¼ ai1aj3 þ ai3aj1, and d?ij ¼ 1 − dþij − d−

ij :

Notably, ~d
?

ij > 0 for all i 6¼ j since it is the sum of the coefficient of the independent Gaussian copula and the CA,B

copula. Let x 2 0, mini6¼j~d
?

ij

� �

, then we can reformulate GABij as

GABij u, vð Þ ¼ xuvþ 1 − xð Þ
~d
þ

ij

1 − x
M u, vð Þ þ

~d
?

ij − x
1 − x

P u, vð Þ

 

þ

~d
−
ij

1 − x
W u, vð Þ

!

:

(E.2) 

Therefore, the coefficients of the Fr�echet copula in (E.2) can be summarized in the following Table 6.
We claim that there exists x0 2 0, mini6¼j~d

?

ij

� �

such that the coefficients in Table 6 satisfy the CA,B decomposable 
condition (Yang et al., 2006). Indeed, there exist non-negative constants ~aij for i ¼ 1, 2, :::, n and j¼ 1, 2, 3 satisfying 
P3

j¼1 ~aij ¼ 1 such that the following equations hold, i.e.,

~d
þ

ij

1 − x0
¼ ~ai1~aj1 þ ~ai3~aj3, (E.3) 

~d
−
ij

1 − x0
¼ ~ai1~aj3 þ ~ai3~aj1, (E.4) 

~d
?

ij − x0

1 − x0
¼ 1 −

~d
þ

ij

1 − x0
−

~d
−
ij

1 − x0
: (E.5) 

Now the corresponding GAB copula with marginals Cij can be expressed as

GAB uð Þ ¼ x0
Yn

i¼1
ui þ 1 − x0ð Þ

X3

j1¼1

X3

j2¼1
� � �
X3

jn¼1

Yn

i¼1
aiji

 !

W min
i�n, ji¼1

fuig, min
i�n, ji¼3

fuig
� � Y

i�n, ji¼2
ui:

It is noted that the value of x0 plays a critical role in the above copula. Indeed, the above bivariate copula can be 
reformulated as

GABij u, vð Þ ¼ x1P u, vð Þ þ 1 − x1ð Þ

~d
þ

ij

1 − x1
M u, vð Þ þ

~bij − x1

1 − x1
P u, vð Þ þ

~cij

1 − x1
W u, vð Þ

 !

, 

where 0 < x1 < minfmini6¼jf~d
?

ij g, x0g:

On the other hand, by Equations (E.3), (E.4), and (E.5), we have

~d
þ

ij

1 − x1
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~ai1

 ! ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~aj1

 !

þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~ai3

 ! ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~aj3

 !

,

~d
−
ij

1 − x1
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~ai1

 ! ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~aj3

 !

þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~ai3

 ! ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0

1 − x1

r

~aj1

 !

,

~d
?

ij − x1

1 − x1
¼ 1 −

~d
þ

ij

1 − x1
−

~d
−
ij

1 − x1
, 

which also satisfy the CA,B decomposable condition. Therefore, we obtain another GAB copula as

GAB 1ð Þ uð Þ ¼ x1
Yn

i¼1
ui þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x0ð Þ 1 − x1ð Þ

p X3

j1¼1

X3

j2¼1
� � �
X3

jn¼1

Yn

i¼1
aiji

 !

W min
ji¼1
fuig, min

ji¼3
fuig

� �Y

ji¼2
ui:

Obviously, GAB is not identical to GAB 1ð Þ: Therefore, we can conclude that the bivariate marginal copula (E.1) can-
not uniquely determine a joint CA,B copula, which completes the proof.                                                           w
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F. Proof of Theorem 4.1

Proof. By definition of the tail coefficients, the lower tail and upper dependence coefficients are given by

kL dGABij
� �

¼ limu!0þ
dGABij u, uð Þ

u
¼ lim

u!0þ

aCR D uð Þ, D uð Þð Þ þ 1 − að ÞCA,B E uð Þ, E uð Þð Þ

u

¼ limu!0þ a
CR D uð Þ, D uð Þð Þ

D uð Þ
D uð Þ

u
þ 1 − að Þ

CA,B E uð Þ, E uð Þð Þ

E uð Þ
E uð Þ

u

¼ limu!0þ 1 − að Þ
CA,B E uð Þ, E uð Þð Þ

E uð Þ
E uð Þ

u
¼ 1 − að Þ ai1aj1 þ ai3aj3ð ÞE0 0þð Þ,

kU dGABij
� �

¼ limu!0þ
2u − 1þ dGABij 1 − u, 1 − uð Þ

u

¼ limu!0þ
2u − 1þ aCR D 1 − uð Þ, D 1 − uð Þð Þ þ 1 − að ÞCA,B E 1 − uð Þ, E 1 − uð Þð Þ

u

¼ limu!0þ 1 − að Þ
2u − 1þ CA,B E 1 − uð Þ, E 1 − uð Þð Þ

u
¼ 1 − að Þ ai1aj1 þ ai3aj3ð ÞE0 1−ð Þ, 

respectively, which completes the proof.                                                                                                   w

G. Proof of Theorem 4.2

Proof. A direct calculation shows that

P F � uð Þ ¼ P ID−1 Uð Þ þ 1 − Ið ÞE−1 Vð Þ � u
� �

¼ E P ID−1 Uð Þ þ 1 − Ið ÞE−1 Vð Þ � ujI
� �� �

¼
P

k¼0, 1 P ID−1 Uð Þ þ 1 − Ið ÞE−1 Vð Þ � ujI ¼ k
� �

� P I ¼ kð Þ

¼ P D−1 Uð Þ � u
� �

� P I ¼ 1ð Þ þ P E−1 Vð Þ � u
� �

� P I ¼ 0ð Þ

¼ aC1 D uð Þð Þ þ 1 − að ÞC2 E uð Þð Þ, 

where the second equality holds due to the law of total expectation, and the fourth equality holds due to the independ-
ence between Ui, Vi, and I for i ¼ 1, 2, :::, n: w

H.. Proof of Proposition 4.1

Proof. When I¼ 0, it is straightforward to see that

Fj u, i, v, xð Þ ¼ P E−1
j W1Aþj

þ Vj1A?j
þ 1 − Wð Þ1A−

j

� �
� u, I ¼ 0, W � v, X � x

� �

¼ P W1Aþj
þ Vj1A?j

þ 1 − Wð Þ1A−
j
� Ej uð Þ, W � v

� �
� P I ¼ 0ð Þ � P X � xð Þ

¼ 1 − að Þ aj1M Ei uð Þ, vð Þ þ aj2
Q

Ej uð Þ, v
� �

þW Ej uð Þ, v
� �� �

UIn xð Þ, 

where the second equality holds due the independence of W, I, and Vj.
On the other hand when I¼ 1, we have

Fj u, i, v, xð Þ ¼ P D−1
i U

Xn

k¼1
ajkXk

 ! !

� u, I ¼ 1, W � v, X � x

 !

¼ P D−1
i U

Xn

k¼1
ajkXk

 ! !

� u, X � x

 !

� P I ¼ 1ð Þ � P W � vð Þ

¼ avURj U−1 Dj uð Þ
� �

, x
� �

, 

where the second equality holds due to the independence of W, I, and X, and the third equality holds due to the normal 
dependence of 

Pn
k¼1 ajkXk and fXkg

n
k¼1: w

I. Proof of Theorem 4.3

Proof. Under Assumption G-A, the law of total probability indicates that the joint distribution of U ¼ U1, U2, :::, Unð Þ

can be expressed as
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P U � uð Þ ¼ E P U � ujW, I, fXkg
n
k¼1

� �� �
¼ E

Yn

j¼1
P U � ujW, I, fXkg

n
k¼1

� �
" #

, 

where u ¼ u1, u2, :::, unð Þ 2 0, 1½ �
n
:

For notation convenience, we denote X ¼ E
Qn

j¼1 P Uj � ujjW, I ¼ 1, fXkg
n
k¼1

� �h i
and Y ¼

E
Qn

j¼1 P Uj � ujjW, I ¼ 0, fXkg
n
k¼1

� �h i
: Consequently, Assumption G-B implies that

E
Yn

j¼1
P U � ujW, I, fXkg

n
k¼1

� �
" #

¼ aE X½ � þ 1 − að ÞE Y½ �: (I.1) 

In particular,

E X½ � ¼
ð

Rn

Yn

j¼1

1
a

@nþ1Fj uj, 1, v, xð Þ

@v@x
dx ¼ CR D uð Þð Þ, (I.2) 

and

E Y½ � ¼
Ð

0, 1½ �

Ð

Rn

Yn

j¼1

1
1 − a

@nþ1Fj uj, 0, v, xð Þ

@v@x
dx dv ¼

ð

0, 1½ �

Yn

j¼1

1
1 − að ÞUIn xð Þ

@Fj uj, 0, v, xð Þ

@v
dv

¼
Ð

0, 1½ �

Yn

j¼1

@ aj1M Ej ujð Þ, v
� �

þ aj2
Q

Ej ujð Þ, v
� �

þ aj3W Ej ujð Þ, v
� �� �

@v
dv

¼
Ð

0, 1½ �

Yn

j¼1
aj11fEj ujð Þ>vg þ aj2Ej ujð Þ þ aj31fEj ujð Þþv−1>0g
� � dv

¼
X3

j1¼1
� � �
X3

jn¼1

ð

0, 1½ �

Y

ji¼1, i�n
aiji 1fEi uið Þ>vg
� � Y

ji¼3, i�n
aiji 1fv>1−Ei uið Þg

� � Y

ji¼2, i�n
aiji Ei uið Þ
� �

dv

¼
X3

j1¼1
� � �
X3

jn¼1

Yn

i¼1
aiji

 !

W min
ji¼1, i�n

fEi uið Þg, min
ji¼3, i�n

fEi uið Þg
� � Y

ji¼2, i�n
Ei uið Þ:

(I.3) 

Substituting Equations (I.2) and (I.3) into Equation (I.1) yields the dGAB copula with distortion functions D ¼
D1, D2, :::, Dnð Þ and E ¼ E1, E2, :::, Enð Þ: w

J the BDS pricing algorithms

In this section, we provide two algorithms for the BDS pricing. Specifically, Algorithm 2 below is based on the Monte 
Carlo simulation, and Algorithm 3 is to employ the closed-form solution (19) directly.

The detailed pricing procedures are summarized in the following two algorithms.

Algorithm 2 BDS pricing based on Monte Carlo simulation 
1: Initializing a, dþij , and d−

ij for all i 6¼ j, e.g., a 0:8, dþij  0:5, and d−
ij  0:5:

2: Obtaining aij by solving equations ai1aj1 þ ai3aj3 ¼ dþij , ai1aj3 þ ai3aj1 ¼ d−
ij , and 

P3
j¼1 aij ¼ 1:

3: Calibrating qij according to the Spearman’s rank correlation coefficient qS
ij by solving the equa-

tion: 12
Ð Ð

0, 1½ �
2 dGFij u, vð Þ dudv − 3 ¼ qS

ij:

4: Cholesky decomposition: R ¼ qijð Þij
¼ AA>, where we denote A ¼ dij

� �

ij:

5: Generating random numbers for each Ui in Equation (12). 
6: Generating random numbers for si ¼ − log 1 − Uið Þ=hi, where hi is the hazard rate. 
7: Averaging 1fN tð Þ¼kg across all samples to obtain the probability P N tð Þ ¼ kð Þ:

8: Computing the BDS price by Equation (16). 
The next algorithm is to employ the closed-form solution (19) directly.  

Algorithm 3 BDS pricing based on closed-form solutions in Theorem 5.1
1: Initializing a, dþij , and d−

ij for all i 6¼ j, e.g., a 0:8, dþij  0:5, and d−
ij  0:5:

2: Obtaining aij by solving equations ai1aj1 þ ai3aj3 ¼ dþij , ai1aj3 þ ai3aj1 ¼ d−
ij , and 

P3
j¼1 aij ¼ 1:

3: Calibrating qij according to the Spearman’s rank correlation coefficient qS
ij by solving the equa-

tion: 12
Ð Ð

0, 1½ �
2 dGFij u, vð Þ dudv − 3 ¼ qS

ij:

4: Obtaining fi by solving the system of equations: fifj ¼ qij for all i 6¼ j:
5: Computing the probbility P N tð Þ ¼ kð Þ by Theorem 5.1. 
6: Computing the BDS price by Equation (19).  
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K. Proof of Proposition 5.1 

Proof. By definition of the default time si, it is straightforward to see that when I¼ 1, we have

pijX, I, W
t ¼ P I � D−1

i Zið Þ þ 1 − Ið Þ � E−1
i Wið Þ � tjX, I ¼ 1, W

� �

¼ P F−1
i D−1

i U fiXi þ

ffiffiffiffiffiffiffiffiffiffiffiffi

1 − f2
i

q

X
� �� �� �

� tjX, I ¼ 1, W
� �

¼ P Xi �
U−1 Di Fi tð Þð Þð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffi

1 − f2
i

q

X
fi

jX, I ¼ 1, W

0

@

1

A

¼ U
U−1 Di Fi tð Þð Þð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffi

1 − f2
i

q

X

fi

0

@

1

A
:

On the other hand, when I¼ 0, we have

pijX, I, W
t ¼ P ID−1

i Zið Þ þ 1 − Ið ÞE−1
i Wið Þ � tjX, I ¼ 0, W

� �

¼ P W1Aþi
þ Vi1A?i

þ 1 − Wð Þ1A−
i
� Ei Fi tð Þð ÞjX, I ¼ 0, W

� �

¼
P

A¼Aþi , A?i , A−
i
P W1Aþi

þ Vi1A?i
þ 1 − Wð Þ1A−

i
� Ei Fi tð Þð Þ, 1A ¼ 1jX, I ¼ 0, W

� �

¼ ai11fW�Ei Fi tð Þð Þg þ ai2Ei Fi tð Þð Þ þ ai31fW�1−Ei Fi tð Þð Þg, 

where the third equality holds due to the fact that Aþi , A?i , A−
i

� �
is a random partition of the probability space. w

L. Proof of Theorem 5.1

Proof. By Equation (16), it suffices to compute the probability P N tð Þ ¼ kð Þ under the default times specified by 
Equation (17). The moment generating function of N(t) is employed, which is defined as

wN tð Þ uð Þ ¼ E uN tð Þ½ � ¼
Xn

k¼0
P N tð Þ ¼ kð Þuk, u 2 0, 1½ �: (L.1)  

By letting Ni tð Þ ¼ 1fsi�tg, it follows that N tð Þ ¼
Pn

i¼1 Ni tð Þ: Applying the law of total expectation to Equation (L.1), 
it follows that

wN tð Þ uð Þ ¼ EX, I, W E uN tð ÞjX, I, W
h ih i

¼ EX, I, W Pn
i¼1E uNi tð ÞjX, I, W

h ih i

, (L.2) 

where the second equality holds due to the conditional independence of fNi tð Þgn
i¼1 given three common factors (X, I, 

W). Specifically, the conditional expectation can be evaluated explicitly as

E uNi tð ÞjX, I, W
� �

¼ P Ni tð Þ ¼ 0jX, I, W
� �

þ P Ni tð Þ ¼ 1jX, I, W
� �

u

¼ 1 − pijX, I, W
t þ pijX, I, W

t u:

Substituting it into Equation (L.2) yields

wN tð Þ uð Þ ¼ EX, I, W Pn
i¼1 1 − pijX, I, W

t þ pijX, I, W
t u

� �h i

¼ aEX, W Pn
i¼1 1 − pijX

t þ pijX
t u

� �h i

þ 1 − að ÞEX, W Pn
i¼1 1 − qijW

t þ qijW
t u

� �h i

¼ a
Ð1

−1Pn
i¼1 1 − pijx

t þ pijx
t u

� �

/ xð Þ dxþ 1 − að Þ
Ð 1

0 Pn
i¼1 1 − qijw

t þ qijw
t u

� �

dw,

(L.3) 

where / is the density function of standard normal distributions.
By comparing the coefficients of the term uk for k ¼ 1, 2, :::, n in Equations (L.1) and (L.3), we can obtain the key 

probability P N tð Þ ¼ kð Þ for the BDS pricing. Specifically, by direct calculation, the coefficient of uk in Equation (L.3) is

a

ð1

−1

X

jIj¼k

Y

i2I
pijx

t

Y

u62I
ð1 − pijx

t Þ/ðxÞ�dxþ ð1 − aÞ

ð1

0

X

jIj¼k

Y

i2I
qijw
t

Y

u62I
ð1 − qijw

t Þdw, 

where I is a subset of f1, 2, :::, ng and jIj denotes the cardinality of the set I. A rearrangement of the above equation 
gives

P N tð Þ ¼ kð Þ ¼
X

jIj¼k

a

ð1

−1

Y

i2I
pijx

t

Y

u62I
1 − pijx

t

� �

/ xð Þ dxþ 1 − að Þ

ð1

0

Y

i2I
qijw

t

Y

u62I
1 − qijw

t

� �

dw
 !

:

Substituting it into the pricing formula (16) yields the closed-form solution to the BDS price under the dGAB copula, 
namely Equation (19), which completes the proof.                                                                                      w
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M. The dGAB-EM algorithm

In this appendix, we detail the dGAB-EM algorithm.

M.1. dGAB-E step
For the dGAB-E step in Algorithm 1, we have

wt
j ¼

p utjzt ¼ j; hiter
� �

� p zt ¼ j; hiterð Þ
P4

k¼1p utjzt ¼ j; hiter
� �

� p zt ¼ j; hiterð Þ
¼

c
q

jð Þ
iter

Dj utð Þ
� �

� a
jð Þ

iter
P4

j¼1c
q

jð Þ
iter

Dj uð Þt
� �

� a
jð Þ

iter

, (M.1) 

where q 2ð Þ
iter ¼ 0:99, q 3ð Þ

iter ¼ 0, and q 4ð Þ
iter ¼ −0:99 for all integers iter � 0: The dGAB-EM algorithm updates the parameter 

h ¼ a 1ð Þ, a 2ð Þ, a 3ð Þ, a 4ð Þ, q
� �

util it converges.

M.2. dGAB-M step
For the dGAB-M step, we have the maximum likelihood function below:

l hð Þ ¼
Xn

t¼1

X4

j¼1
wt

j log
p utjzt ¼ j; h
� �

� p zt ¼ j; hð Þ

wt
j

¼
Xn

t¼1

X4

j¼1
wt

j log
cq jð Þ Dj utð Þ
� �

a jð Þ

wt
j

, 

where h ¼ a 1ð Þ, a 2ð Þ, a 3ð Þ, a 4ð Þ, q
� �

and ut ¼ u 1ð Þ
t , u 2ð Þ

t

� �

: The maximizer ĥ of the above likelihood function can be found 
by the first-order conditions.

In particular, when all distortion functions are trivial, namely in the case of GAB copula, the process of optimizing 
the likelihood function becomes more straightforward. To find the correlation coefficient q̂, it is equivalent to maximiz-
ing the objective function J hð Þ ¼

Pn
t¼1 wt

1 log cq utð Þ, which can be done by the first-order condition directly. To find 
the optimal a ið Þ, we apply the Lagrange multiplier due to the constraint 

P4
j¼1 a ið Þ ¼ 1: Namely, we have the following 

objective function:

L hð Þ ¼ l hð Þ þ k
X4

j¼1
a jð Þ − 1

0

@

1

A:

Taking the first derivative yields

dL hð Þ

da jð Þ ¼
Xn

t¼1

wt
j

a jð Þ þ k, for j ¼ 1, 2, 3, 4:

Consequently, we obtain the closed-form solution to the parameter a jð Þ, which takes the following form:

a jð Þ ¼
1
n

Xn

t¼1
wt

j ¼
1
n

Xn

t¼1

c
q

jð Þ
iter

utð Þ � a
jð Þ

iter
P4

k¼1c
q

kð Þ
iter

utð Þ � a
kð Þ

iter

, for j ¼ 1, 2, 3, 4: (M.2) 

Combining Equations (M.1) and (M.2) completes the dGAB-EM algorithm.

N. Error analysis in the approximation method

Lemma N.1. For any u, vð Þ 2 0, 1ð Þ
2, we have limq!1− Cq u, vð Þ ¼ M u, vð Þ, limq!0 Cq u, vð Þ ¼ P u, vð Þ, 

and limq!−1þ Cq u, vð Þ ¼W u, vð Þ:

Proof. By the definition of the Gaussian copula, it is straightforward to verify that limq!0 Cq u, vð Þ ¼ P u, vð Þ, thus it 
suffices to prove the cases when q! 1− and −1þ :

Let X and Y be two independent standard normal random variables, and define X1 ¼ X and X2 ¼ qX þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
Y 

for q > 0: It is obvious that for any a1, a2ð Þ 2 R2, we have

Uq a1, a2ð Þ ¼ P X1 � a1, X2 � a2ð Þ ¼ P X � a1, X �
a2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
Y

q

 !

¼ E P X � a1, X �
a2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
Y

q

 !�
�
�
�
�
Y

2

4

3

5

¼
Ð

RU min a1,
a2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
y

q

 ! !

dU yð Þ

¼
Ð

a2−qa1ffiffiffiffiffiffi
1−q2
p

−1 U a1ð Þ dU yð Þ þ
Ðþ1

a2−qa1ffiffiffiffiffiffi
1−q2
p U

a2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
y

q

 !

dU yð Þ:

(N.1)  
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Without losing generality, we assume that 0 � u � v � 1: Noting the definition of the Gaussian copula Cq u, vð Þ ¼

Uq U−1 uð Þ, U−1 vð Þ
� �

, the difference between Cq u, vð Þ and M(u, v) can be evaluated as

jM u, vð Þ − Cq u, vð Þj ¼

�
�
�
�
�

Ðþ1
U−1 vð Þ−qU−1 uð Þffiffiffiffiffiffi

1−q2
p

u − U
U−1 vð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
y

q

 ! !

dU yð Þ

�
�
�
�
�

¼

�
�
�
�
�
u 1 − U

U−1 vð Þ − qU−1 uð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p

 ! !

−
Ðþ1

U−1 vð Þ−qU−1 uð Þffiffiffiffiffiffi
1−q2
p

U
U−1 vð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p
y

q

 !

dU yð Þ

�
�
�
�
�

� 2 1 − U
U−1 vð Þ − qU−1 uð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p

 ! !

¼ 2 1 − U
U−1 vð Þ − U−1 uð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − q2

p þ U−1 uð Þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − q

1þ q

r ! !

,

(N.2) 

where the first equality holds due to Equation (N.1).
The inequality (N.2) indicates that limq!1− Cq u, vð Þ ¼ M u, vð Þ for 0 � u � v � 1: The case 0 � v � u � 1 is the same 

and the proof is omitted. In addition to the case when q! 1 − , the case when q! −1þ , i.e., limq!−1þ Cq u, vð Þ ¼

W u, vð Þ can be proved similarly.                                                                                                            w

The lemma provides insight into the behavior of the Gaussian copula in the limit as q approaches 1, 0, and −1, 
where it converges to the comonotonic, independent, and countermonotonic copulas, respectively. In the specific context 
of the dGAB-EM algorithm, it is essential to acknowledge that the dataset’s capacity is finite, i.e., the dataset length n ¼
965 < þ1: Therefore, the convergence can be extended to the “uniform convergence”, i.e., for any � > 0, there exist 
qþ and q− such that

M u, vð Þ − Cq u, vð Þ
�
�

�
� < �, if q 2 qþ, 1ð Þ,

W u, vð Þ − Cq u, vð Þ
�
�

�
� < �, if q 2 −1, q−ð Þ, 

hold for all (u, v) belonging to the dataset of finite capacity.
During the execution of the dGAB-EM algorithm, it is feasible to select values for qþ and q− in proximity to 1 and 

−1, respectively. Consequently, as we estimate the parameters within the approximated model denoted as Capx in 
Equation (22), the parameters will ultimately converge toward their actual values. This convergence is facilitated by the 
continuity of all relevant functions and the finite nature of the iterative process. The empirical results substantiating this 
convergence are presented in the following table.

As evidenced by the table, the estimated parameter ĥ ¼ ca 1ð Þ , ca 2ð Þ , ca 3ð Þ , ca 4ð Þ , q̂
� �

converges as qþ and q− converge to 1 
and −1, respectively.
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